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Àííîòàöèÿ. Ïðåäëîæåí àëãîðèòì ïîèñêà ìíîãî÷ëåíà íàèëó÷øåãî ïðèáëèæå íèÿ äëÿ íåïðåðûâ-
íîé ìíîãîçíà÷íîé ñåãìåíòíîé ôóíêöèè, çàäàííîé íà ñîâîêóïí îñòè íå ïåðåñåêàþùèõñÿ îòðåçêîâ
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þùèåñÿ îòðåçêè [aj 1 ; bj 1 ] è òî÷êè xk ïðèíàäëåæàò îãðàíè÷åííîìó îòðåçêó [A; B ] � R. Ñ÷èòàåì,
÷òî ôóíêöèè f 1 è f 2 íåïðåðûâíû íà ìíîæåñòâå X , è âñþäó íà X çíà÷åíèå ôóíêöèè f 1(x) íå ïðå-
âîñõîäèò çíà÷åíèå ôóíêöèè f 2(x). Îïåðàòîð, ñòàâÿùèé â ñîîòâåòñòâèå êàæäîìó x 2 X îòðåçîê
[(x; f 1(x)) ; (x; f 2(x))] , áóäåì íàçûâàòü ñåãìåíòíîé ôóíêöèåé F (x), çàäàííîé íà X . Â ñèëó íåïðåðûâ-
íîñòè ôóíêöèé f 1 è f 2 ñåãìåíòíàÿ ôóíêöèÿ F ÿâëÿåòñÿ h-ïîëóíåïåðûâíûì îòîáðàæåíèåì ñâåðõó.
Ìíîãî÷ëåí Pm =

P m
i =0 ai x i íàèëó÷øåãî ïðèáëèæåíèÿ â ìåòðèêå Õàóñäîðôà íà ìíîæåñòâå X ñåãìåíò-

íîé ôóíêöèè F ñ âåêòîðîì êîýôôèöèåíòîâ ~a = ( a0 ; a1 ; : : : ; am ) 2 Rm +1 åñòü ðåøåíèå ýêñòðåìàëü-
íîé çàäà÷è min~a 2 Rm +1 maxx 2 X max(Pm (x) � f 1(x); f 2(x) � Pm (x)) : Ìåòîäàìè êîíñòðóêòèâíîé òåîðèè
ôóíêöèé ïîêàçàíî, ÷òî äëÿ ëþáûõ íåïðåðûâíûõ íà X ôóíêöèé f 1(x) 6 f 2(x) ñóùåñòâóåò ìíîãî-
÷ëåí íàèëó÷øåãî ïðèáëèæåíèÿ â xàóñäîðôîâîé ìåòðèêå h-ïîëóíåïðåðûâíîé ñâåðõó íà ìíîæåñòâå X
ñåãìåíòíîé ôóíêöèè F (x). Ïðåäëîæåí àëãîðèòì îïèñàíèÿ ìíîæåñòâà êîýôôèöèåíòîâ ~a ìíîãî÷ëå-
íîâ íàèëó÷øåãî ïðèáëèæåíèÿ ñåãìåíòíîé ôóíêöèè. Ïîëó÷åíû í åîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
åäèíñòâåííîñòè ìíîãî÷ëåíà íàèëó÷øåãî ïðèáëèæåíèÿ ñåãìåí òíîé ôóíêöèè. Ïðèâåäåíû ðåçóëüòàòû
÷èñëåííûõ ýêñïåðèìåíòîâ, ðåàëèçîâàííûõ ñ ïîìîùüþ ïðåäëîæ åííîãî àëãîðèòìà.
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1. Ââåäåíèå

Â [1] ïîäðîáíî èçëîæåíû îñíîâû òåîðèè ìíîãîçíà÷íûõ îòîáðàæ åíèé, èìåþùèõ øèðî-
êèé ñïåêòð ïðèêëàäíûõ âîçìîæíîñòåé, òàê êàê èñïîëüçîâàíèå ìíîãîçíà÷íûõ îòîáðàæå-
íèé ïîçâîëÿåò â ïðîöåññå ðåàëèçàöèè àëãîðèòìà ñðàçó îöåíèâ àòü ïîãðåøíîñòü ïðèáëè-
æåíèÿ ðåøåíèÿ. Ïðè ýòîì ïîäõîä, ðàçðàáîòàííûé àâòîðîì ìîíî ãðàôèè [1], íå ïðåäïîëà-
ãàåò èñïîëüçîâàíèÿ èíòåðâàëüíîé àðèôìåòèêè, ÷òî ñíèìàåò â îïðîñ î ïîñòðîåíèè ïîëÿ
èíòåðâàëîâ èëè åãî àíàëîãîâ. Âìåñòå ñ òåì, òåîðèÿ, ðàçðàáîòà ííàÿ â [1], â çíà÷èòåëüíîé
ñòåïåíè ñïðàâëÿåòñÿ ñ ìíîãèìè îñíîâíûìè çàäà÷àìè èíòåðâàë üíîé ìàòåìàòèêè.
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ãäå íå ïåðåñåêàþùèåñÿ îòðåçêè [aj 1 ; bj 1 ] è òî÷êè xk ïðèíàäëåæàò îãðàíè÷åííîìó îòðåçêó
[A; B ] � R. Ñ÷èòàåì, ÷òî ôóíêöèè f 1 è f 2 íåïðåðûâíû íà ìíîæåñòâå X , è âñþäó íà X
âûïîëíÿåòñÿ ñîîòíîøåíèå f 1(x) 6 f 2(x). Îïåðàòîð, ñòàâÿùèé â ñîîòâåòñòâèå êàæäîìó
x 2 X îòðåçîê [(x; f 1(x)) ; (x; f 2(x))] , âñëåä çà àâòîðàìè ðàáîò [2�5] áóäåì íàçûâàòü íà X
ñåãìåíòíîé ôóíêöèåé F (x). Â ñèëó íåïðåðûâíîñòè ôóíêöèé f 1 è f 2 ñåãìåíòíàÿ ôóíê-
öèÿ F ÿâëÿåòñÿ h-ïîëóíåïåðûâíûì îòîáðàæåíèåì ñâåðõó (ñì. [1, Ÿ 6]). Ìíîãî÷ ëåí Pm

íàèëó÷øåãî ïðèáëèæåíèÿ â ìåòðèêå Õàóñäîðôà íà ìíîæåñòâå X ñåãìåíòíîé ôóíêöèè F
ñ âåêòîðîì êîýôôèöèåíòîâ ~a = ( a0; a1; : : : ; am ) 2 Rm+1 åñòü ðåøåíèå ýêñòðåìàëüíîé çà-
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ai x i :
(2)

Â ñëó÷àåf 1 � f 2 çàäà÷à (2) ñâîäèòñÿ ê êëàññè÷åñêîé òåîðåìå Ï. Ë. ×åáûøåâà äë ÿ
ìíîæåñòâà X .

Â ïóáëèêàöèÿõ [2�5] ïðèâîäÿòñÿ íåîáõîäèìûå è äîñòàòî÷íûå ó ñëîâèÿ ñóùåñòâîâà-
íèÿ è åäèíñòâåííîñòè ìíîãî÷ëåíà íàèëó÷øåãî ïðèáëèæåíèÿ (2 ) äëÿ ñëó÷àÿ, êîãäà X
ïðåäñòàâëÿåò ñîáîé ëèáî îòðåçîê, ëèáî êîíå÷íûé íàáîð òî÷åê . Ýòè ðàáîòû èñïîëüçóþò
ìåòîäèêè äîêàçàòåëüñòâà òåîðåìû Ï. Ë. ×åáûøåâà è âûïóêëîãî àíàëèçà. Â ýòîì ñëó-
÷àå, äàæå êîãäàX ïðåäñòàâëÿåò ñîáîé êîíå÷íûé íàáîð èç n òî÷åê, êîëè÷åñòâî ñèñòåì,
êîòîðûå íåîáõîäèìî ðåøèòü äëÿ ïîèñêà ìíîãî÷ëåíà ñòåïåíè m, ðàñòåò êàêCm+2

n . Êðîìå
òîãî, ìíîãî÷ëåí, íàèëó÷øèì îáðàçîì ïðèáëèæàþùèé ñåãìåíòí óþ ôóíêöèþ, îäíîâðå-
ìåííî ïðåäñòàâëÿåò ñîáîé ìíîãî÷ëåí íàèëó÷øåãî ïðèáëèæåíè ÿ íåêîòîðîé êëàññè÷åñêîé
ôóíêöèè. À èç ðåçóëüòàòîâ èññëåäîâàíèé â ðàáîòàõ [6, 7] ñëåäóåò, ÷òî íåçàâèñèìî îò
ìåòîäà ðåøåíèÿ çàäà÷è (2) åãî ÷èñëåííàÿ ðåàëèçàöèÿ âîçìîæí à òîëüêî äëÿ íåáîëüøèõ
ñòåïåíåé è õîðîøèõ ôóíêöèé, òàê êàê ìîäóëè êîýôôèöèåíòîâ ìí îãî÷ëåíîâ íàèëó÷øåãî
ïðèáëèæåíèÿ íåïðåðûâíûõ ôóíêöèé ñ ðîñòîì ñòåïåíè ìíîãî÷ëå íîâ ìîãóò ðàñòè áûñò-
ðåå ãåîìåòðè÷åñêîé ïðîãðåññèè. Òåì íå ìåíåå â äàííîé ðàáîòå ïðåäëîæåí äðóãîé ïîäõîä
ê èçó÷åíèþ ýòîé ïðîáëåìû íà îñíîâå êëàññè÷åñêîãî àíàëèçà è ò åîðèè ôóíêöèé. Çäåñü
ïðèâåäåí òàêæå ðÿä ïðèìåðîâ ÷èñëåííûõ ýêñïåðèìåíòîâ, ïîçâ îëÿþùèõ óáåäèòüñÿ â êîí-
ñòðóêòèâíîñòè ïðåäëîæåííîãî ìåòîäà èññëåäîâàíèé.

2. Îñíîâíîé ðåçóëüòàò

Îïðåäåëèì ôóíêöèþ îãðàíè÷åííîé âàðèàöèè íà [A; B ]:
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ãäå X îïðåäåëåíî â (1), è áóäåì ðàññìàòðèâàòü åå êàê ìåðó â èíòåãðà ëå Ñòèëòüåñà.
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äëÿ êàæäîãî p 2 N îïðåäåëèì ñèñòåìó óðàâíåíèé
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Òåîðåìà 1. Äëÿ ëþáûõ íåïðåðûâíûõ íà X ôóíêöèé f 1(x) 6 f 2(x) ñóùåñòâóåò ìíîãî-
÷ëåí íàèëó÷øåãî ïðèáëèæåíèÿ (2) â õàóñäîðôîâîé ìåòðèêå h-ïîëóíåïðåðûâíîé ñâåðõó
íà ìíîæåñòâå (1) ñåãìåíòíîé ôóíêöèè F (x). Îí åäèíñòâåíåí òîãäà è òîëüêî òîãäà, êîãäà
ìíîæåñòâî (5) îäíîòî÷å÷íîå â Rm+1 . Ëþáîé âåêòîð ~a 2 E èìååò êîîðäèíàòû, ÿâëÿþùè-
åñÿ êîýôôèöèåíòàìè ìíîãî÷ëåíà íàèëó÷øåãî ïðèáëèæåíèÿ.

C Ââèäó òîãî, ÷òî äëÿ ïðîèçâîëüíîé ôóíêöèè g 2 C[Y ] ñïðàâåäëèâî ñîîòíîøåíèå
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âåëè÷èíà óêëîíåíèÿ ìíîãî÷ëåíà Pm îò ñåãìåíòíîé ôóíêöèè F â ìåòðèêå Õàóñäîðôà íà
ìíîæåñòâå X ìîæåò áûòü ïðåäñòàâëåíà ñëåäóþùèì îáðàçîì:

� (F ; Pm ) = lim
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f 2(x) � f 1(x)
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Ïîäûíòåãðàëüíàÿ ôóíêöèÿ, êàê ñóììà (âîçìîæíî íåñòðîãî) âû ïóêëûõ ôóíêöèé ñ íåîò-
ðèöàòåëüíîé âòîðîé ïðîèçâîäíîé, â (6), êàê ôóíêöèÿ ïåðåìåí íûõ ai , ÿâëÿåòñÿ âûïóêëîé
(âîçìîæíî íåñòðîãî) íà Rm+1 . Ïîýòîìó ïðè êàæäîì p 2 N ìíîæåñòâî âåêòîðîâ êîýô-
ôèöèåíòîâ ýêñòðåìàëüíûõ ìíîãî÷ëåíîâ òàêèõ, ÷òî ïîäûíòåãð àëüíàÿ ôóíêöèÿ íàèìåíåå
óêëîíÿåòñÿ îò íóëÿ ïî íîðìå ïðîñòðàíñòâà L 2p[X ], ÿâëÿåòñÿ, â ñèëó íåîáõîäèìîãî óñëî-
âèÿ ýêñòðåìóìà, ìíîæåñòâîì ðåøåíèé ñèñòåì
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èëè ýêâèâàëåíòíûõ ñèñòåìàì (7) ñèñòåì (4). Íåïóñòîòà ìíîæå ñòâà ðåøåíèé ýòèõ ñè-
ñòåì ñëåäóåò èç íåîáõîäèìîãî óñëîâèÿ ýêñòðåìóìà, íåïðåðûâ íîé äèôôåðåíöèðóåìîñòè
íåîòðèöàòåëüíîé ïîäûíòåãðàëüíîé ôóíêöèè ïî âñåì ïåðåìåíí ûì è åå íåîãðàíè÷åííî-
ãî âîçðàñòàíèÿ ïî ëþáîìó íàïðàâëåíèþ ïðîñòðàíñòâà Rm+2 ïðè ñòðåìëåíèè àðãóìåíòà
ê áåñêîíå÷íîñòè.

Òàê êàê ôóíêöèè f 1 è f 2 íåïðåðûâíû íà ìíîæåñòâå (1), òî ïðåäåëüíûé ïåðåõîä â èí-
òåãðàëå Ñòèëòüåñà îáîñíîâûâàåòñÿ ñ ïîìîùüþ òåîðåìû 2 èç [9, ãë. 8, Ÿ 7].

Êîýôôèöèåíòû ýêñòðåìàëüíûõ ìíîãî÷ëåíîâ, íàèìåíåå óêëîíÿ þùèõñÿ îò ñåãìåíòíîé
ôóíêöèè F (x) â ìåòðèêå Õàóñäîðôà, â ñèëó çàìêíóòîñòè ìíîæåñòâà íóëåé íåï ðåðûâ-
íîé ôóíêöèè ñîñòàâëÿþò ìíîæåñòâî (5) òî÷åê ïðèêîñíîâåíèÿ â ñåâîçìîæíûõ ïðåäåëîâ
ïîäïîñëåäîâàòåëüíîñòåé ðåøåíèé ñèñòåì (4).

Ïî òåîðåìå Êàíòîðà [8, ãë. 5, Ÿ 1] ìíîæåñòâî (5) íå ïóñòî. B

3. Ðåçóëüòàòû íåêîòîðûõ ÷èñëåííûõ ýêñïåðèìåíòîâ

Â ýòîì ïàðàãðàôå ïðèâåäåì ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåí òîâ, îðãàíèçîâàííûõ
ñ ïîìîùüþ óòâåðæäåíèÿ òåîðåìû 1. Ðåøåíèå ñèñòåì (4) îñóùåñò âëÿëîñü ñ ïîìîùüþ
íåêîòîðîé àäàïòàöèè ñòàíäàðòíûõ ìåòîäîâ íàèñêîðåéøåãî ñï óñêà èëè ïîêîîðäèíàòíîãî
ñïóñêà ê ðåøåíèþ èçó÷àåìîé ýêñòðåìàëüíîé çàäà÷è. Íà ðèñóíê å 1 èçîáðàæåíà ðåàëèçà-
öèÿ ïðèìåðà, äåìîíñòðèðóþùåãî, ÷òî ðàññìàòðèâàåìûé ìíîãî ÷ëåí ïåðâîé ñòåïåíè íàè-
ëó÷øåãî ïðèáëèæåíèÿ îòëè÷àåòñÿ îò ×åáûøåâñêîãî íàèëó÷øåã î ïðèáëèæåíèÿ ñåðåäèí
îòðåçêîâ ñåãìåíòíîé ôóíêöèè. Íà ðèñóíêå 2 ãðàôèê îäíîãî èç ì íîãî÷ëåíîâ äâåíàäöàòîé
ñòåïåíè íàèëó÷øèì îáðàçîì àïïðîêñèìèðóùèõ â ìåòðèêå Õàóñä îðôà òó æå ñåãìåíòíóþ
ôóíêöèþ, ÷òî è íà ðèñóíêå 1.

Ðèñ. 1. n = 2 , m = 1 . Ðèñ. 2. n = 2 , m = 12.

Ðèñ. 3 äåìîíñòðèðóåò âîçìîæíîñòü ïðåäëàãàåìîãî ìåòîäà îáð àáàòûâàòü áîëüøèå ìàñ-
ñèâû äàííûõ. Â êà÷åñòâå ìîäåëè ñåãìåíòíîé ôóíêöèè ðàññìàòð èâàåòñÿ ïàðà f 1(xk ) =
sin 7xk � 1, f 2(xk ) = sin 7xk + 0 :1xk + 1 , ãäå0 6 k 6 1000. Â êà÷åñòâå ìíîãî÷ëåíà íàèëó÷-
øåãî ïðèáëèæåíèÿ âçÿòà ëèíåéíàÿ ôóíêöèÿ.

Åùå îäèí î÷åâèäíûé ïðèìåð íàèëó÷øåãî Õàóñäîðôîâà ïðèáëèæå íèÿ ñåãìåíòíîé
ôóíêöèè f 1(xk ) = sin xk � 1, f 2(xk ) = sin xk + 1 , ãäå 0 6 k 6 3, ìíîãî÷ëåíîì ïåðâîé
ñòåïåíè, êîòîðûé âû÷èñëåí ñ ïîìîùüþ òåîðåìû 1, ïðèâåäåí íà ð èñ. 4.
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Ðèñ. 3. n = 1000, m = 1 . Ðèñ. 4. n = 3 , m = 1 .

Ðèñ. 5 ñîäåðæèò ãðàôèê ðåàëèçàöèè ïðèáëèæåíèÿ ñåãìåíòíîé ô óíêöèè
F (0) = [(0 ; 1); (0; 1)], F (1) = [(1 ; 0); (1; 2)] ìíîãî÷ëåíàìè íàèëó÷øåãî Õàóñäîðôîâà
ïðèáëèæåíèÿ ïåðâîãî ïîðÿäêà, êîòîðûå âû÷èñëåíû ñ ïîìîùüþ ò åîðåìû 1 äâà ðàçà. Ýòî
òà ñèòóàöèÿ, êîãäà ìíîãî÷ëåí íàèëó÷øåãî ïðèáëèæåíèÿ íå åäè íñòâåíåí. Â ýòîì ñëó÷àå
ìíîæåñòâî E ïðåäñòàâëÿåò ñîáîé îòðåçîê [(2; � 1); (0; 1)]. Àäàïòàöèÿ ìåòîäà íàèñêîðåé-
øåãî ñïóñêà, î êîòîðîé øëà ðå÷ü â íà÷àëå ýòîãî ïàðàãðàôà, ïîç âîëÿåò ïðèáëèæåííî
âû÷èñëÿòü êîýôôèöèåíòû ìíîãî÷ëåíîâ íàèëó÷øåãî ïðèáëèæåí èÿ ñ ãðàíèöû ìíîæå-
ñòâàE, âûáèðàÿ ðàçëè÷íûå íà÷àëüíûå èòåðàöèè. Ãðàôèêè äâóõ òàêèõ ìíîãî÷ëåíîâ è
ïîëó÷åíû â ðåçóëüòàòå îïèñàííîãî ÷èñëåííîãî ýêñïåðèìåíòà .

Ðèñ. 5. Ìíîãî÷ëåíû ñ êîýôôèöèåíòàìè ñ ãðàíèöû ìíîæåñòâà E ,
n = 1 , m = 1 .
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Abstract. An algorithm for �nding the best approximation polynomial f or a continuous multivalued
segment function de�ned on a set of segments X is proposed, where X =

� S n 1
j 1 =0 [aj 1 ; bj 1 ]

�
[

� S n
k =0 xk

�

with
� S n 1

j 1 =0 [aj 1 ; bj 1 ]
�

\
� S n

k =0 xk
�

= ? . The disjoint segments [aj 1 ; bj 1 ] and points xk belong to a bounded
segment [A; B ] � R. We assume that the functions f 1 and f 2 are continuous on the set X , and everywhere
on X the value of the function f 1(x) does not exceed the value of the function f 2(x). The operator assigning
to each x 2 X the segment [(x; f 1(x)) ; (x; f 2(x))] will be called the segments function F (x) de�ned on X .
Since the functions f 1 and f 2 are continuous, the segments function F is an upper h-semicontinuous mapping.
The polynomial Pm =

P m
i =0 ai x i of the best approximation in the Hausdor� metric on the set X of a segment

function F with a vector of coe�cients ~a = ( a0 ; a1 ; : : : ; am ) 2 Rm +1 is a solution to the extremal problem
min~a 2 Rm +1 maxx 2 X max(Pm (x) � f 1(x); f 2(x) � Pm (x)) : It is shown by methods of constructive function theory
that, for any functions f 1(x) 6 f 2(x) continuous on X , there exists some polynomial of best approximation
in the Hausdor� metric as the segment function F (x) is upper h-semicontinuous on X . An algorithm for
describing the set E of coe�cients ~a of polynomials of the best approximation of a segment functi on is proposed.
Necessary and su�cient conditions for the uniqueness of the polynomial of best approximation of the segment
function are obtained. The results of numerical experiment s carried out using the proposed algorithm are
presented.

Key words: best approximation of functions, polynomial approximatio n, segment function.
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