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Abstract. The theory of the basic quantum calculus (that is, the basic g-calculus) plays important
roles in many diverse areas of the engineering, physical and mathematical science. Making use of the basic
definitions and concept details of the g-calculus, Govindaraj and Sivasubramanian [10] defined the Salagean
type g-difference (g-derivative) operator. In this paper, we introduce a certain subclass of analytic functions
with complex order in the open unit disk by applying the Salagean type g-derivative operator in conjunction
with the familiar principle of subordination between analytic functions. Also, we derive some geometric
properties such as sufficient condition and several subordination results for functions belonging to this
subclass. The results presented here would provide extensions of those given in earlier works.
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1. Introduction

Let o7 denote the class of functions of the form:

f(2) :z+Zakzk, (1.1)
k=2

which are analytic in the open unit disc U = {z € C : |z] < 1}. We also denote by %
the class of functions f € & that are convex in U. For two functions f and g, analytic
in U, we say that f is subordinated to g in U, written f (z) < g (z), if there exists a Schwarz
function w (z), which (by definition) is analytic in U with w (0) = 0 and |w (2)| < 1, such that
f(z) =g(w(z)),z € U. Furthermore, if the function g is univalent in U, then (see |1, 2])

f(z) < g(2) & £(0) = g(0) and f(U) C g(U).
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Given two functions f, g € o/, where f is given by (1.1) and g is given by
oo
z) = z—l—Zbkzk, (1.2)
k=2
the Hadamard product (or convolution) f * g is defined by

(fx9)(2) =2+ Y _ abpz’ = (g% f) (2).
k=2

For 0 < ¢ < 1, the g-derivative of a function f € o7 is defined by (see [3-9])

1(0), z =0,
Df()z{ I f(z (1.3)
TET M, 24,

and D2 f(z) = Dy(Dyf(2)). From (1.3), we have

_1+Z Lt (1.4)

where

1_
k], = C‘g —1tq+P+.. 4 (1.5)

and

lim qu( ) f(QZ)—f(Z) :f,(Z),

q—1— q%l_ (q — 1)2
for a function f which is differentiable in a given subset of C.

For f € &/, Govindaraj and Sivasubramanian [10] defined the Salagean type g¢-difference
operator as follows:

D3f (2) = 2Dq (Dgf (2)) = 2+ Y (IKlg)* ax2",
Dy f(z) = 2D, (DI f(2), neN={1,2,3,...}.

It is easily see that

DI f (= Z )" arz®, neNg=NU{0}. (1.6)

We note that
lim Dy f(z) =D"f (2 —z—f—Zk"akz n € Ny.

q—1—

The differential operator D™ was introduced and studied by Salagean [11] (see also Srivastava
and Aouf [12]).
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Let 4" (A, b, A, B) denote the subclass of ./ consisting of functions f () which satisfy

1+ Az

1 Dy f(2) n
1—I—E[(1—)\)T—I—)\Dq(qu(z))—1] <17 B (1.7)
or satisfying
(1-N2LE L Ap, (Drf(2) -1 _
B((1- ) 22 o AD, (Dp ()] - 1B+ (4~ B)1) (1.8)
beC*=C\{0}; 0<A<1l; -1<A<B<K1, 0<B<1; zel.
We note that:
(1) linln 9, (A b, A, B) =9" (A, b, A, B) (see [13])
q—1=
_ R N PR N ) n ;o 1+ A2
—{fe;z%.1+b[(1 A) . +A(D"f(2)) 1}<1+Bz},

(ii) lim %" (A b,1,—1) =9" (A, b) (see [14])

q—1-

D"f(2)

z{fedzﬂ%(H%[(l—A) +)\(D"f(z))’—1D>O};

(i) %, (A,b,A,B) =%, ()b, A, B)

)

:{f&ﬂ:l—f—%[(1—)\)f(z)+)\qu(z)—1} <

z

14+ Az
1+ Bz

(iv) 9" (\,b,—1,1) = 4™ (\,b)

q q

z{feszf: 93(1—%%[(1—A)%(Z)+ADq(Dgf(z))—l}) >o};
(v) %’L(O,l—a)Z%q"(a)Z{fedc %[Dg‘i(z)} > a, 0<a<1}7

Gr0,1—a)=% (a)={fed: R[Dy(D}f ()] >a, 0<a<1};

(vi) 9 (M1 —a,—1,1) =9 (A, )
{feﬂ: %[(1—)\)%(’2)4-)\13(1(1)?]6(2’))] >a}, 0<a<l;

(vii)

N
3

q
Dif (2)

z

()\, e (1 - a)cosd, 1, 1) — 4" (\ ,0)

:{feg%:m<ei9 [(1—» +ADq(Dgf(z))D>acose},

|9|<g, 0<a<l.
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2. Main Result

To prove our main result we need the following definition and lemmas.

DEFINITION 1 (Subordinating Factor Sequence [15]). A sequence {bj},-, of complex
numbers is said to be a subordinating factor sequence if, whenever f(z) of the form (1.1)
is analytic, univalent and convex in U, we have the subordination given by

Zakbkzk < f(z), z€U, a=1.

Lemma 1 [15]. The sequence {b;};- is a subordinating factor sequence if and only if

m{1+22bkzk} >0, zeU.
k=1

Now, we prove the following lemma which gives a sufficient condition for functions
to belong to the class 4 (A, b, 4, B).

Lemma 2. Let the function f which is defined by (1.1) satisfy the following condition:

i (1+B) {14 ([k]q - 1)} ([k]q)" lag| < (B — A) b, (2.1)

then f € 9" (\,b, A, B).
< Suppose that the inequality (2.1) holds. Then we have for z € U,

'(1—)\) Dg‘z(z) +AD, (D f (2)) —1'
_‘B[u_x)%@ﬂpq(pgf(z))]_B_(A_B)b‘
S {rea (i, - 1)} ()
k=2
—|(B=A)b +BZ{1+>\< 1}( )akz -1
k=2

\,i{l“([ D)} (18,)" o 214
{(B A) Jb] - BZ{1+)\< —1) b (1k],)" w121 }

k=2
i 1+ B) {1+A([k]q—1)}([k]q>”yakyzk*1—(B—A)\b\ <0
k=2

which shows that f (2) belongs to the class 4" (A, b, A, B). >

Let 9, (\,b,A,B) denote the class of functions f(z) € & whose coefficients
satisfy the condition (2.1). We note that 9" (X, b,A,B) C ¥ (\b,A,B). Also, let
%qo* (M0, A, B) = 97 (A\b, A B), 97" (A\b,—1,1) = 947 (\b), 9" (\1-a,-1,1) =
g (N a), 4m (A e (1—a)cosf,—1,1) =4 (\,b,0) (0] <5, 0<a<1).
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In this paper we prove several subordination relationships involving the functional class
4, (A, b, A, B) employing the technique used earlier by Attiya [16] and Srivastava and
Attiya [17] (see also [13, 14, 18-22]).

Theorem 1. Let the function f defined by (1.1) be in the class 9" (), b, A, B) and
g € X . Then

(1+B)(1+>\Q)(1+Q)

and (1+B)(1+X) (1+q) "+ (B—A)Ib|

(1
(1+B)(1+Xg) (1+9)"
(1

)+

R{f(2)}>— , z€el. (2.3)

(1+B)(14+)\q) )"
The constant factor 2[(1+B)(1+/\q)(1f %B T

replaced by a larger one.

oo
<A Let fe9 ) (\b A B)andlet g(2) =2+ ) cxz® € . Then we have
k=2

] in the subordination result (2.2) cannot be

(1+B)(1+Ag)(1+9)" (s
( [(1+B)(1+)\q)(1+q)”+(B—A)\by])(f 9 () -
_ (1+B)(1+X) (1 +9)" :
N <2[(1+B)(1+)\q)(1+q) T (B—A)b]] > <Z+Zak0kz ) :
Thus, by Definition 1, the subordination result (2.2) will hold true if the sequence
{ (1+B)(1+X) (1 +0q)" }oo o
(1+B)(14+Aq) (1+q)" + (B—A)b| :

is a subordinating factor sequence, with a; = 1. In view of Lemma 1, this is equivalent to the
following inequality:

(1+B)(1+Ag) (1+4q)"
{1+Z 1+ D) 1+Aq)(1+q)”+(B—A)\b!a’“zk}>0’ zel. 26

Since
U(k) = {1+)\([k]q—1>} ([k]q)”, k>2 0<A<1, 0<g<1, neN,
is an increasing function of k (k > 2), when |z| = r < 1, we have
.- (1+B)(1+Aq)(1+49)" K
%{1+;;ﬂ+BM1+MM1+@”HB—AHM%Z}
+B)(1M)0+g"
(14 B)(1+Aq) (1+¢)" + (B — A)b]
(1+B5) Y (1+3a) (1+4)"

+ A=t 0 akzk}

(1+B)(1+Xq) (1+4q) +( —A) ||

(1+B)(1+2g) (1+q)" >0+ {10 (1, = 1)} (18,)" o

21— T — r

(1+B)(1+Aq) (1+¢)" +(B—A)b| (1+B)(1+Aq) (1 +q)" +(B—A)p|
+B I+ (+" (B-A)b .
(1+B)(1+X)(1+q)" + (B—A)|b| (1+4B)(1+ X)) (1+¢)"+(B—A)|b|
=1—-r>0, |z]=r<l1,

~onf1+

k

>1-—
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where we have also made use of assertion (2.1) of Lemma 2. Thus (2.6) holds true in U and also
the subordination result (2.2) asserted by Theorem 1. The inequality (2.3) follows from (2.2)

by taking the convex function g(z) = 25 = 2z + > _po, 2¥. To prove the sharpness of the
constant 2[(1+E3()1(—1Ff/)\511)?1)—\2)(’1¢%§—14)\bl]’ we consider the function fo (2) € 97" (A, b, A, B) given
by
(B—A)|b| 2
— - 2, 2.7
P& = e g 27
Thus from (2.2), we have
(1+B)(1+XAg)(1+9)" z
o z) < ——, z€l. 2.8
20+ B) A+ 2 (Lo + (B-Ap P T 25
Moreover, it can easily be verified for the function fy (z) given by (2.7) that
, (1+B)(1+Xg)(1+q)" >}
min < R 7 z = —— 2.9
i (% (s s At = 29
This shows that the constant (IEB)(1+Aa)(1+q)” is the best possible, this completes

2[(1+B)(1+Aq) (1+q)" +(B—A)[b]]
the proof of Theorem 1. >

Putting n = 0 in Theorem 1, we have
Corollary 1. Let the function f defined by (1.1) be in the class 9, (\,b, A, B) and g € X .

fhen ( (14+B)(1+ X9
21+ B) (1) + (B—A) ]

)(f*g)(z)%g(z), z e, (2.10)

and
(1+4B)(1+Xq)+(B—A) |y

AE > =0 B 1 a)

(2.11)

(14+B)(14+Aq)
1+ B)(T+Aq)+(B—A)0]]

The constant factor 3 in the subordination result (2.10) cannot be rep-

laced by a larger one.
Putting A = —1 and B =1 in Theorem 1, we have
Corollary 2. Let the function f defined by (1.1) be in the class 4" (\,b) and g € K.

Then
< (L+Xg) (1 +49)"
2[(1+Ag) (1 +q)" + [b]]

)(f*g)(z)%g(z), zeU, (2.12)

and .
1+ (1 +q)" + bl

zeU. (2.13)

(14+2q) (14¢)"
1+Aq) (1+q)" +]b|

The constant factor 2l
by a larger one.

Puttingb=1—-a(0 <a <1), A=—1and B =1 in Theorem 1, we have

Corollary 3. Let the function f defined by (1.1) be in the class 4;* (\,a) (0 < a < 1)
and g € . Then

( (1+A)(1+9)"
2[1+X) (1+¢q)" +1—¢]

] in the subordination result (2.12) cannot be replaced

)(f*g)(z)%g(z), zeU, (2.14)
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and
1+A)(1+9)"+1-a

(I+A)(1+q)"

in the subordination result (2.14) cannot be replaced

R{f(2)} > -

zeU. (2.15)

(1+Aq)(1+q)"
1+Aq)(14+9)"+1—0q]

The constant factor 2l
by a larger one.
Putting b = e ™ (1 — a)cosd (|§] <Z; 0<a<1), A= —1and B =1 in Theorem 1,
we have
Corollary 4. Let the function f defined by (1.1) be in the class 9" (A, ., 0) (16] < %;
O<a<1) and g € . Then

( (1+Ag) (1+9)"
2[(14+ X)) (1 +¢)" + (1 — a) cos 0]

>(f>kg)(z)-<g(z), zeU, (2.16)

and
1+X)(14+¢)"+(1—a)cosh

(1+Ag) (1+¢9)"

R{f(2)} > -

(1+2q)(1+q)"
The constant factor 2[(1+)\q)(1+g)n+(?7a) o5 7]

replaced by a larger one.

, zeU. (2.17)

in the subordination result (2.14) cannot be

REMARK 1. Taking A = —1, B =1 and letting ¢ — 17 in Theorem 1, we get the result
obtained by Aouf [14, Theorem 1].

REMARK 2. Replacing A by —A, B by —B and letting ¢ — 1~ in Theorem 1, we obtain
the result get by Sivasubramanian et al. [13, Theorem 2.2]|.

REMARK 3. Puttingn=A=0,b=1—a (0 < a < 1) and letting ¢ — 1~ in Corollary 2,
we get the result obtained by Aouf [14, Corollary 3|.

REMARK 4. Puttingn =0,A=1,b=1—a (0 < a < 1) and letting ¢ — 1~ in Corollary 2,
we get the result obtained by Aouf [14, Corollary 4].
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Awnnoraums. Teopust 6a30BOro KBAHTOBOIO MCYHUCIEHUs (TO €CTh 6a30BOTO G-MCUYMCIICHNUS) UIPACT BaXK-
HYIO POJIb B PA3JIMYHBIX 00JIACTSX 3HAHUS, WHXKEHEPUHU, (DU3UKO-MaTEMATHIeCKUX HayKax. Vcmob3yst oc-
HOBHBI€E OIIpe/IeJIeHNsI U HEKOTOpbIe JeTaju g-ucaucienusi, losunapapk u CusacyGpamanuas [10] onpe-
JIeJIMIIA ¢-PA3HOCTHBIA (g-npou3Boanblii) omeparop tuna Casarmna. B 910ii craTbe MBI BBOJUM OIIpe-
JIEJIEHHBIN MOIKIACC aHATUTHIECKUX (PYHKIUN CO CJIOXKHBIM MOPSIIKOM B OTKPBITOM €IWHUYHOM KpyTe,
MPUMEHsIsT ¢-TIPOU3BOIHBIN omepaTop Tuna CajarnHa B COYETAHWM C U3BECTHBIM ITPUHIIAIIOM O TINHEHSI
MeXK/ly aHaJuTudecKuMu yHKnusaMu. Kpome Toro, Mbl BBIBOJUM HEKOTOPBIE M€OMETPUYECKHE CBONCTBA
¥ HECKOJIBKO Pe3yJIbTATOB O TOYMHEHNU JJisi (DYHKIIUHA, MPUHAJJIEXKAIINX 3TOMY mojkaaccy. [Ipemgcras-
JIEHHBIE 37IECh PE3Y/IbTATHl PACIIUPSIIOT PE3yIbTATHI, IPEJICTaBIeHHbIE B OoJiee paHHUX paboTax.

KuroueBrlie ciioBa: anajuTudeckasi QyHKIINAA, TOAINHIIONAs (DAKTOP IOCJIEI0BATEIbHOCTD, IPOU3BE/Ie-
nue Ajamapa (MM KOHBOJIIONHS ), ¢-IPOM3BOAHBII oneparop, oneparop Casaruua.
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