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Àííîòàöèÿ. �àññìîòðåí êëàññ ìíîãîìåðíûõ äåòåðìèíàíòíûõ äè��åðåíöèàëüíî-îïåðàòîðíûõ

óðàâíåíèé, ëåâàÿ ÷àñòü êîòîðûõ ïðåäñòàâëÿåò ñîáîé îïðåäåëèòåëü ñ ýëåìåíòàìè, ñîäåðæàùèìè ïðî-

èçâåäåíèå ëèíåéíûõ îäíîìåðíûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ ïðîèçâîëüíîãî ïîðÿäêà, à ïðà-

âàÿ ÷àñòü çàâèñèò îò èñêîìîé �óíêöèè è åå ïåðâûõ ïðîèçâîäíûõ. Îòäåëüíî èññëåäîâàíû îäíîðîä-

íûå è íåîäíîðîäíûå äåòåðìèíàíòíûå äè��åðåíöèàëüíî-îïåðàòîðíûå óðàâíåíèÿ. Äîêàçàíû òåîðåìû

î ïîíèæåíèè ðàçìåðíîñòè óðàâíåíèÿ. Ïîëó÷åíû ðåøåíèÿ â âèäå ñóììû è ïðîèçâåäåíèÿ �óíêöèé îò

ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ, è â òîì ÷èñëå, �óíêöèé îäíîé ïåðåìåííîé. Â ÷àñòíîñòè, äî-

êàçàíî, ÷òî ðåøåíèåì ðàññìàòðèâàåìîãî îäíîðîäíîãî óðàâíåíèÿ ÿâëÿåòñÿ ïðîèçâåäåíèå ñîáñòâåííûõ

�óíêöèé ëèíåéíûõ îïåðàòîðîâ, âõîäÿùèõ â ñîñòàâ óðàâíåíèÿ. Äëÿ îäíîðîäíîãî óðàâíåíèÿ äîêàçà-

íà òåîðåìà î âçàèìîñâÿçè ðåøåíèé èñõîäíîãî óðàâíåíèÿ è íåêîòîðîãî âñïîìîãàòåëüíîãî ëèíåéíîãî

óðàâíåíèÿ, à òàêæå ïîëó÷åíî ðåøåíèå óðàâíåíèÿ äëÿ ñëó÷àÿ, êîãäà ëèíåéíûå äè��åðåíöèàëüíûå

îïåðàòîðû, âõîäÿùèå â åãî ñîñòàâ, èìåþò ïðîïîðöèîíàëüíûå ñîáñòâåííûå çíà÷åíèÿ. Ïîëó÷åíû ðå-

øåíèÿ òèïà áåãóùåé âîëíû, â òîì ÷èñëå ðåøåíèÿ ñòåïåííîãî è ýêñïîíåíöèàëüíîãî âèäà, à òàêæå

â âèäå ïðîèçâîëüíîé �óíêöèè îò ëèíåéíîé êîìáèíàöèè íåçàâèñèìûõ ïåðåìåííûõ. Â ñëó÷àå, êîãäà

ëèíåéíûå îïåðàòîðû, âõîäÿùèå â ñîñòàâ óðàâíåíèÿ, ÿâëÿþòñÿ îäíîðîäíûìè, íàéäåíû ðåøåíèÿ â âè-

äå îáîáùåííûõ ìîíîìîâ. Äëÿ íåîäíîðîäíîãî óðàâíåíèÿ ïîëó÷åíû ÷àñòíûå ðåøåíèÿ â ñëó÷àÿõ, êîãäà

ïðàâàÿ ÷àñòü ñîäåðæèò òîëüêî íåçàâèñèìûå ïåðåìåííûå, è êîãäà ïðàâàÿ ÷àñòü ñîäåðæèò ñòåïåííóþ

èëè ýêñïîíåíöèàëüíóþ íåëèíåéíîñòü îò èñêîìîé �óíêöèè, è ñòåïåíè ïåðâûõ ïðîèçâîäíûõ îò ýòîé

�óíêöèè.
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íåéíûé äè��åðåíöèàëüíûé îïåðàòîð, ñîáñòâåííàÿ �óíêöèÿ, ÿäðî îïåðàòîðà, ðåøåíèå òèïà áåãóùåé

âîëíû.

Mathemati
al Subje
t Classi�
ation (2010): 35G20.

Îáðàçåö öèòèðîâàíèÿ: �àõìåëåâè÷ È. Â. Î ìíîãîìåðíûõ äåòåðìèíàíòíûõ äè��åðåíöèàëüíî-

îïåðàòîðíûõ óðàâíåíèÿõ // Âëàäèêàâê. ìàò. æóðí.�2020.�Ò. 22, âûï. 2.�Ñ. 53�69. DOI: 10.46698/

g9113-3086-1480-k.

Ââåäåíèå

Âàæíåéøèì íàïðàâëåíèåì ñîâðåìåííîé ìàòåìàòè÷åñêîé �èçèêè ÿâëÿåòñÿ èññëåäî-

âàíèå ìíîãîìåðíûõ íåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

è íàõîæäåíèå èõ òî÷íûõ ðåøåíèé [1�7℄. Îäíèì èç íàèáîëåå èçâåñòíûõ íåëèíåéíûõ óðàâ-

íåíèé ÿâëÿåòñÿ óðàâíåíèå Ìîíæà � Àìïåðà (ÌÀ), êîòîðîìó óäåëÿåòñÿ áîëüøîå âíèìà-

íèå êàê â èçâåñòíûõ ñïðàâî÷íèêàõ, òàê è â îðèãèíàëüíûõ ðàáîòàõ [1, 8�10℄. Óðàâíåíèå
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ÌÀ ïðèíàäëåæèò ê âåñüìà øèðîêîìó êëàññó äåòåðìèíàíòíûõ óðàâíåíèé. Èññëåäîâà-

íèå äâóìåðíîãî äåòåðìèíàíòíîãî äè��åðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ ïðîâåäåíî

â ðàáîòå [11℄. Îáùèå ñâîéñòâà ýòîãî êëàññà óðàâíåíèé è åãî ðåøåíèé â ñëó÷àå ïðîèçâîëü-

íîé ðàçìåðíîñòè â íàñòîÿùåå âðåìÿ ïðàêòè÷åñêè íå èññëåäîâàíû. Öåëüþ äàííîé ðàáîòû

ÿâëÿåòñÿ èññëåäîâàíèå ìíîãîìåðíûõ äåòåðìèíàíòíûõ äè��åðåíöèàëüíî-îïåðàòîðíûõ

óðàâíåíèé, ëåâàÿ ÷àñòü êîòîðûõ ïðåäñòàâëÿåò ñîáîé îïðåäåëèòåëü ñ ýëåìåíòàìè, ñî-

äåðæàùèìè ïðîèçâåäåíèå ëèíåéíûõ îäíîìåðíûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ ïðî-

èçâîëüíîãî ïîðÿäêà. Ïðè ýòîì èçó÷àþòñÿ êàê îäíîðîäíûå óðàâíåíèÿ, òàê è íåîäíîðîä-

íûå, ïðàâàÿ ÷àñòü êîòîðûõ ñîäåðæèò íåçàâèñèìûå ïåðåìåííûå, èñêîìóþ �óíêöèþ è åå

ïåðâûå ïðîèçâîäíûå.

1. Ïîñòàíîâêà çàäà÷è. Àíàëèç îäíîðîäíûõ óðàâíåíèé

�àññìîòðèì êëàññ ìíîãîìåðíûõ äåòåðìèíàíòíûõ äè��åðåíöèàëüíî-îïåðàòîðíûõ

óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ îòíîñèòåëüíî íåèçâåñòíîé �óíêöèè u(x1, x2, . . . , xN ):

det |R̂u| = F

(

u, x1, x2, . . . , xN ,
∂u

∂x1
, . . . ,

∂u

∂xN

)

. (1.1)

Çäåñü F � çàäàííàÿ �óíêöèÿ, à R̂ � îïåðàòîðíàÿ ìàòðèöà, ýëåìåíòû êîòîðîé îïðåäå-

ëÿþòñÿ âûðàæåíèÿìè

R̂ij = L̂iL̂j, (1.2)

L̂i � ëèíåéíûé äè��åðåíöèàëüíûé îïåðàòîð, äåéñòâóþùèé ïî ïåðåìåííîé xi è îïðåäå-

ëÿåìûé âûðàæåíèåì

L̂i =

Mi
∑

m=1

ami(xi)

(

∂

∂xi

)m

, (1.3)

ami � íåêîòîðûå çàäàííûå �óíêöèè. Íàèáîëåå èçâåñòíûì è õîðîøî èññëåäîâàííûì óðàâ-

íåíèåì, îòíîñÿùèìñÿ ê êëàññó óðàâíåíèé (1.1), ÿâëÿåòñÿ óðàâíåíèå Ìîíæà � Àìïåðà,

äëÿ êîòîðîãî L̂i =
∂
∂xi

ïðè âñåõ i = 1, 2, . . . , N .

Ïðåäñòàâèì ìíîæåñòâî çíà÷åíèé I = {1, . . . , N} èíäåêñà, íóìåðóþùåãî íåçàâèñè-

ìûå ïåðåìåííûå, â âèäå îáúåäèíåíèÿ K íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ Ik (k ∈ Ξ,
Ξ = {1, . . . ,K}). Òîãäà ìíîæåñòâî ïåðåìåííûõ X = {x1, x2, . . . , xN} ìîæåò áûòü ðàç-

áèòo íà K íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ Xk = {xn}n∈Ik . Äàëåå äëÿ ñîêðàùåíèÿ çà-

ïèñè áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ âèäà u(X) âìåñòî u(x1, x2, . . . , xN ), è àíàëîãè÷íî

uk(Xk); ïðàâóþ ÷àñòü óðàâíåíèÿ (1.1) áóäåì çàïèñûâàòü â âèäå F
(

u,X, ∂u
∂X

)

, ãäå ââåäåíî

îáîçíà÷åíèå

∂u

∂X
=

{

∂u

∂x1
, . . . ,

∂u

∂xN

}

.

Òàêæå â äàëüíåéøåì èñïîëüçóþòñÿ îáîçíà÷åíèÿ Λn = ker L̂n, Λ̃n = ker(L̂2
n). Â äàííîì

ïàðàãðà�å áóäåì ïðåäïîëàãàòü, ÷òî ïðàâàÿ ÷àñòü F ≡ 0, ò. å. óðàâíåíèå (1.1) ÿâëÿåòñÿ
îäíîðîäíûì:

det |R̂u| = 0. (1.4)

Òåîðåìà 1.1. Ïóñòü R̂k = (R̂ij)i,j∈Ik äëÿ âñåõ k ∈ Ξ. Ïóñòü òàêæå ïðè íåêîòîðîì

l ∈ Ξ �óíêöèÿ ul(Xl) óäîâëåòâîðÿåò óðàâíåíèþ

det |R̂lul| = 0. (1.5)



Î ìíîãîìåðíûõ äåòåðìèíàíòíûõ äè��åðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèÿõ 55

Òîãäà óðàâíåíèå (1.4) èìååò ìíîæåñòâî ðåøåíèé âèäà

u(X) =

K
∑

k=1

uk(Xk), (1.6)

ãäå uk(Xk) äëÿ âñåõ k ∈ Ξ, k 6= l, � ïðîèçâîëüíûå �óíêöèè ñâîèõ àðãóìåíòîâ, äè��å-

ðåíöèðóåìûå íåîáõîäèìîå ÷èñëî ðàç.

⊳ Ïóñòü i ∈ Ik1 , j ∈ Ik2 , ïðè÷åì k1, k2 ∈ Ξ, k1 6= k2. Â ýòîì ñëó÷àå L̂iL̂juk(Xk) = 0
äëÿ ëþáîãî k ∈ Ξ. Òîãäà, èñïîëüçóÿ âûðàæåíèå (1.6), âû÷èñëÿåì ñîîòâåòñòâóþùèå ìàò-

ðè÷íûå ýëåìåíòû â ëåâîé ÷àñòè óðàâíåíèÿ (1.4):

R̂iju = L̂iL̂j

(

K
∑

k=1

uk(Xk)

)

= 0. (1.7)

Èç (1.7) ñëåäóåò, ÷òî

R̂u = blo
kdiag(R̂1u1, . . . , R̂KuK). (1.8)

Ñîãëàñíî èçâåñòíîìó ñâîéñòâó îïðåäåëèòåëÿ áëî÷íî-äèàãîíàëüíîé ìàòðèöû

det |R̂u| =
K
∏

k=1

det |R̂kuk|. (1.9)

Â ñèëó (1.5) ñîìíîæèòåëü ñ íîìåðîì l â ïðàâîé ÷àñòè (1.9) ðàâåí 0, ïîýòîìó ïðè ëþáûõ

uk(Xk) (k ∈ Ξ, k 6= l) �óíêöèÿ u(X), îïðåäåëÿåìàÿ âûðàæåíèåì (1.6), óäîâëåòâîðÿåò

óðàâíåíèþ (1.4). ⊲

Òåîðåìà 1.2. Ïóñòü �óíêöèÿ u(X) óäîâëåòâîðÿåò óðàâíåíèþ

(

N
∑

i=1

ciL̂i

)

u(X) = 0, (1.10)

ãäå ci � ëþáûå âåùåñòâåííûå êîý��èöèåíòû, óäîâëåòâîðÿþùèå óñëîâèþ

N
∑

i=1

c2i > 0. (1.10 à)

Òîãäà �óíêöèÿ u(X) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.4).

⊳ Ñ ó÷åòîì (1.10à) áåç îãðàíè÷åíèÿ îáùíîñòè ïðåäïîëîæèì, ÷òî cN 6= 0. Òîãäà
èç (1.10) ñëåäóåò

L̂Nu = −

N−1
∑

j=1

cj

cN
L̂ju. (1.11)

Ïðèìåíÿÿ îïåðàòîð L̂i ê (1.11) è ó÷èòûâàÿ (1.2), ïîëó÷àåì

R̂iNu = −

N−1
∑

j=1

cj

cN
R̂iju. (1.12)

Ñîîòíîøåíèå (1.12) îçíà÷àåò, ÷òî N -é ñòîëáåö ìàòðèöû R̂u ïðåäñòàâëåí â âèäå ëèíåéíîé

êîìáèíàöèè îñòàëüíûõ åå ñòîëáöîâ, ïîýòîìó îïðåäåëèòåëü ýòîé ìàòðèöû òîæäåñòâåííî

ðàâåí 0, ò. å. u(X) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.4). ⊲
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Òåîðåìà 1.3. Ïóñòü �óíêöèÿ u0(X) óäîâëåòâîðÿåò óðàâíåíèþ (1.4), à ïðè êàæäîì

n ∈ I �óíêöèè wn,sn(xn) ∈ Λn äëÿ âñåõ sn = 1, . . . , Sn. Òîãäà ëþáàÿ �óíêöèÿ u(X),
îïðåäåëÿåìàÿ âûðàæåíèåì

u(X) = u0(X) +

S1
∑

s1=1

. . .

SN
∑

sN=1

pσ

N
∏

n=1

wn,sn(xn), (1.13)

òàêæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.4). Çäåñü σ = {s1, . . . , sN} � ìóëüòèèíäåêñ, pσ �

ïðîèçâîëüíûå âåùåñòâåííûå êîý��èöèåíòû.

⊳ Ïóñòü i, j ∈ I � ïðîèçâîëüíî âûáðàííûå çíà÷åíèÿ. Òîãäà â ñèëó óñëîâèÿ òåîðåìû

wn,sn(xn) ∈ Λn ïîëó÷àåì:

à) â ñëó÷àå i = j

L̂iL̂j

N
∏

n=1

wn,sn(xn) = w1,s1(x1) . . . L̂
2
iwi,si(xi) . . . wN,sN (xN ) = 0, (1.14 à)

á) â ñëó÷àå i 6= j

L̂iL̂j

N
∏

n=1

wn,sn(xn) = w1,s1(x1) . . . L̂iwi,si(xi) . . . L̂jwj,sj(xj) . . . wN,sN (xN ) = 0 (1.14 á)

ïðè ëþáûõ i, j ∈ I. Èç (1.13), (1.14 à), (1.14 á) ñëåäóåò, ÷òî R̂iju = R̂iju0 ïðè âñåõ i, j ∈ I.
Òîãäà, åñëè �óíêöèÿ u0(X) óäîâëåòâîðÿåò óðàâíåíèþ (1.4), òî è �óíêöèÿ u(X) ÿâëÿåòñÿ
ðåøåíèåì ýòîãî óðàâíåíèÿ. ⊲

Òåîðåìà 1.4. Ïóñòü �óíêöèè wn(xn) ∈ Λn ïðè âñåõ n ∈ I. Ïóñòü òàêæå �óíêöèÿ

uk(Xk) óäîâëåòâîðÿåò óðàâíåíèþ (1.5), à ul(Xl) ïðè âñåõ l ∈ Ξ, l 6= k, � ïðîèçâîëüíûå

�óíêöèè ñâîèõ àðãóìåíòîâ, äè��åðåíöèðóåìûå íåîáõîäèìîå ÷èñëî ðàç. Òîãäà óðàâíå-

íèå (1.4) èìååò ìíîæåñòâî ðåøåíèé âèäà

u(X) =
K
∑

l=1

ul(Xl)
∏

n∈Īl

wn(xn), (1.15)

ãäå Īl = I \ Il.

⊳ Èñïîëüçóÿ (1.15), âû÷èñëÿåì ìàòðè÷íûå ýëåìåíòû â ëåâîé ÷àñòè óðàâíåíèÿ (1.4).

1. Åñëè i, j ∈ Il, òî
(

R̂iju
)

i,j∈Il
=
∏

n∈Īl

wn(xn)
(

R̂lul
)

ij
. (1.16 à)

2. Åñëè i ∈ Il1 , j ∈ Il2 , ïðè÷åì l1 6= l2, òî ñ ó÷åòîì óñëîâèÿ wn(xn) ∈ Λn ïîëó÷àåì

(

R̂iju
)

i∈Il1 , j∈Il2
= L̂iui(Xi)L̂jwj(xj)

∏

n∈Īl1 ,

n 6=j

wn(xn)

+ L̂juj(Xj)L̂iwi(xi)
∏

n∈Īl2 ,

n 6=i

wn(xn) = 0. (1.16 á)
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Èç (1.16 à), (1.16 á) ñëåäóåò, ÷òî R̂u � áëî÷íî-äèàãîíàëüíàÿ ìàòðèöà, ïîýòîìó àíàëîãè÷-

íî (1.9) íàõîäèì

det |R̂u| =

K
∏

l=1

{(

∏

n∈Īl

wn(xn)

)Nl

det |R̂lul|

}

, (1.17)

ãäå Nl � ÷èñëî ýëåìåíòîâ â ìíîæåñòâå Il. Òàê êàê ïî óñëîâèþ òåîðåìû uk(Xk) óäî-
âëåòâîðÿåò óðàâíåíèþ (1.5), òî ñîîòâåòñòâóþùèé ñîìíîæèòåëü â ïðàâîé ÷àñòè (1.17)

òîæäåñòâåííî ðàâåí 0. Ïîýòîìó èç (1.17) ñëåäóåò, ÷òî u(X) ÿâëÿåòñÿ ðåøåíèåì óðàâíå-

íèÿ (1.4). ⊲

Òåîðåìà 1.5. Ïóñòü �óíêöèè un(xn) ïðè âñåõ n ∈ I óäîâëåòâîðÿþò óðàâíåíèÿì

un(xn) L̂
2
nun(xn) = pn(L̂nun(xn))

2, (1.18)

ãäå pn � âåùåñòâåííûå ïîñòîÿííûå. Ïóñòü òàêæå âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

1) pn = 1 íå ìåíåå ÷åì ïðè äâóõ çíà÷åíèÿõ n ∈ I;

2) ïîñòîÿííûå pn òàêîâû, ÷òî

1 +

N
∑

n=1

1

pn − 1
= 0. (1.19)

Òîãäà �óíêöèÿ, îïðåäåëÿåìàÿ âûðàæåíèåì

u(X) =

N
∏

n=1

un(xn), (1.20)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.4).

⊳ Ïîäñòàâëÿÿ (1.20) â ëåâóþ ÷àñòü óðàâíåíèÿ (1.4), ïðåäñòàâèì åå â âèäå

det |R̂u| = [u(X)]N deth, (1.21)

ãäå ýëåìåíòû ìàòðèöû h îïðåäåëÿþòñÿ âûðàæåíèÿìè

hij =

{

si, i = j;

titj, i 6= j.
(1.22)

Çäåñü ââåäåíû îáîçíà÷åíèÿ

si =
L̂2
iui(xi)

ui(xi)
, ti =

L̂iui(xi)

ui(xi)
. (1.22 à)

Äëÿ äàëüíåéøåãî ïðåîáðàçîâàíèÿ (1.21) èñïîëüçóåì èçâåñòíûé ðåçóëüòàò [12, ñ. 43, 197℄

äëÿ îïðåäåëèòåëÿ ìàòðèöû âèäà (1.22):

det h =
N
∏

i=1

(si − t2i )

(

1 +
N
∑

i=1

t2i
si − t2i

)

. (1.23)

Ó÷èòûâàÿ (1.22 à) è ïðåäïîëàãàÿ âûïîëíåííûì óñëîâèå (1.18), ñîîòíîøåíèå (1.23) ïåðå-

ïèøåì â âèäå

deth =
N
∏

i=1

{

(pi − 1)

(

L̂iui(xi)

ui(xi)

)2}(

1 +
N
∑

i=1

1

pi − 1

)

. (1.24)
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Èç (1.21) è (1.24) ïîëó÷àåì, ÷òî ëåâàÿ ÷àñòü (1.4) òîæäåñòâåííî ðàâíà 0 ïðè âûïîëíåíèè

ëþáîãî èç óñëîâèé 1), 2), ïåðå÷èñëåííûõ â �îðìóëèðîâêå òåîðåìû, îòêóäà è ñëåäóåò

äîêàçûâàåìîå óòâåðæäåíèå. ⊲

Ñëåäñòâèå 1.1. Ïóñòü ui(xi) ïðè âñåõ i ∈ I ÿâëÿþòñÿ ñîáñòâåííûìè �óíêöèÿìè ñî-

îòâåòñòâóþùèõ îïåðàòîðîâ L̂i. Òîãäà �óíêöèÿ (1.20) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.4).

⊳ Åñëè ui(xi) ÿâëÿåòñÿ ñîáñòâåííîé �óíêöèåé îïåðàòîðà L̂i, ñîîòâåòñòâóþùåé ñîá-

ñòâåííîìó çíà÷åíèþ λi, òî ëåãêî âèäåòü, ÷òî îíà óäîâëåòâîðÿåò óðàâíåíèþ (1.18), ïðè

ýòîì pi = 1 äëÿ ëþáîãî λi 6= 0 , îòêóäà è ñëåäóåò äàííîå óòâåðæäåíèå. ⊲

Îïðåäåëåíèå 1.1. Ïóñòü λis 6= 0 � ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðîâ L̂i (i =
1, . . . , N ; s = 1, . . . , S). Áóäåì ãîâîðèòü, ÷òî λis îáëàäàþò ñâîéñòâîì ïðîïîðöèîíàëüíîñòè,

åñëè ïðè âñåõ i = 1, . . . , N , s = 2, . . . , S âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

λis = µsλi1, (1.25)

ãäå µs � íåêîòîðûå ïîñòîÿííûå, íå çàâèñÿùèå îò i.

Òåîðåìà 1.6. Ïóñòü λis � ïðîñòûå (íåêðàòíûå) ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðîâ L̂i,

îáëàäàþùèå ñâîéñòâîì ïðîïîðöèîíàëüíîñòè, uis(xi) � ñîáñòâåííûå �óíêöèè, ñîîòâåò-

ñòâóþùèå ýòèì ñîáñòâåííûì çíà÷åíèÿì. Òîãäà �óíêöèÿ, îïðåäåëÿåìàÿ âûðàæåíèåì

u(X) =

S
∑

s=1

N
∏

n=1

uns(xn), (1.26)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.4).

⊳ Èñïîëüçóÿ (1.26) è ó÷èòûâàÿ, ÷òî λis ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè îïåðà-

òîðîâ L̂i, çàïèøåì âûðàæåíèå äëÿ ìàòðè÷íûõ ýëåìåíòîâ â ëåâîé ÷àñòè óðàâíåíèÿ (1.4):

L̂iL̂ju(X) =

S
∑

s=1

λisλjs

N
∏

n=1

uns(xn), (1.27)

ïðè÷åì ýòî âûðàæåíèå ñïðàâåäëèâî äëÿ âñåõ i, j ∈ I. Ó÷èòûâàÿ ñâîéñòâî ïðîïîðöèî-

íàëüíîñòè (1.25), ïåðåïèøåì (1.27) â âèäå

L̂iL̂ju(X) = λi1λj1

S
∑

s=1

µ2s

N
∏

n=1

uns(xn). (1.28)

Òîãäà íà îñíîâàíèè (1.28) ëåâóþ ÷àñòü óðàâíåíèÿ (1.4) ìîæíî ïðåäñòàâèòü òàê:

det |R̂u| = [v(X)]N det η, v(X) =

S
∑

s=1

µ2s

N
∏

n=1

uns(xn). (1.29)

Ýëåìåíòû ìàòðèöû η îïðåäåëÿþòñÿ âûðàæåíèåì

ηij = λi1λj1. (1.29 à)

Èç (1.29 à) ñëåäóåò, ÷òî det η = 0, ïîýòîìó det |R̂u| ≡ 0. ⊲

Òåîðåìà 1.7. Ïóñòü L̂i ïðè âñåõ i ∈ I îïðåäåëÿþòñÿ âûðàæåíèåì

L̂i =

Mi
∑

m=1

ami,0 x
m+ri
i

(

∂

∂xi

)m

, (1.30)
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ãäå ri � âåùåñòâåííûå ïàðàìåòðû. Òîãäà óðàâíåíèå (1.4) èìååò ìíîæåñòâî ðåøåíèé â âè-

äå îáîáùåííûõ ìîíîìîâ

u(X) =

N
∏

i=1

xσi

i , (1.31)

ïðè÷åì äëÿ ïîêàçàòåëåé σi ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1. Åñëè ri = 0 íå ìåíåå ÷åì ïðè äâóõ çíà÷åíèÿõ i ∈ I, òî �óíêöèÿ (1.31) óäîâëåòâîðÿåò
óðàâíåíèþ (1.4) ïðè ïðîèçâîëüíûõ σi.

2. Åñëè ri = 0 íå áîëåå ÷åì ïðè îäíîì çíà÷åíèè i ∈ I, òî �óíêöèÿ (1.31) óäîâëåòâîðÿåò
óðàâíåíèþ (1.4) ïðè âûïîëíåíèè îäíîãî èç óñëîâèé:

Ai(σi) = 0 (1.32 à)

õîòÿ áû ïðè îäíîì çíà÷åíèè i;

Ai(σi + ri)−Ai(σi) = 0 (1.32 á)

íå ìåíåå ÷åì ïðè äâóõ çíà÷åíèÿõ i;

N
∑

i=1

Ai(σi)

Ai(σi + ri)−Ai(σi)
= −1. (1.32 â)

Çäåñü Ai(σi) îïðåäåëÿåòñÿ âûðàæåíèåì

Ai(σi) =

Mi
∑

m=1

ami,0

m−1
∏

j=0

(σi − j). (1.33)

⊳ Èñïîëüçóÿ �óíêöèþ (1.31), â ðåçóëüòàòå äè��åðåíöèðîâàíèÿ è ýëåìåíòàðíûõ

ïðåîáðàçîâàíèé íàõîäèì âûðàæåíèÿ äëÿ ìàòðè÷íûõ ýëåìåíòîâ â ëåâîé ÷àñòè óðàâíå-

íèÿ (1.4):

L̂iL̂ju(X) =

{

Ai(σi)Ai(σi + ri)u(X)x2rii , i = j;

Ai(σi)Aj(σj)u(X)xrii x
rj
j , i 6= j,

(1.34)

ãäå Ai(σi) èìåþò âèä (1.33). Íà îñíîâàíèè (1.34) ìîæíî ïðåäñòàâèòü ëåâóþ ÷àñòü óðàâ-

íåíèÿ (1.4) â âèäå (1.21), ãäå ýëåìåíòû ìàòðèöû h îïðåäåëÿþòñÿ âûðàæåíèåì

hij =

{

Ai(σi)Ai(σi + ri)x
2ri
i , i = j;

Ai(σi)Aj(σj)x
ri
i x

rj
j , i 6= j.

(1.35)

Èç (1.35) ïîëó÷àåì âûðàæåíèå äëÿ îïðåäåëèòåëÿ ìàòðèöû h:

deth =

N
∏

i=1

{

Ai(σi)
[

Ai(σi + ri)−Ai(σi)
]

x2rii

}

(

1 +

N
∑

i=1

Ai(σi)

Ai(σi + ri)−Ai(σi)

)

. (1.36)

Èç âûðàæåíèÿ (1.36) ñëåäóåò:

1) Åñëè ri = 0 íå ìåíåå ÷åì ïðè äâóõ çíà÷åíèÿõ i, òî deth ≡ 0, à çíà÷èò óðàâíåíèå (1.4)
óäîâëåòâîðÿåòñÿ ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ âñåõ ïîêàçàòåëåé σi.

2) Åñëè ïðè íåêîòîðîì çíà÷åíèè i = i0 âûïîëíåíî óñëîâèå (1.32 à), òî óðàâíåíèå (1.4)

óäîâëåòâîðÿåòñÿ ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ îñòàëüíûõ ïîêàçàòåëåé σi (i 6= i0).
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3) Åñëè óñëîâèå (1.32 á) âûïîëíåíî íå ìåíåå ÷åì ïðè äâóõ çíà÷åíèÿõ i, òî óðàâíåíèå

(1.4) óäîâëåòâîðÿåòñÿ ïðè ïðîèçâîëüíûõ çíà÷åíèÿõ îñòàëüíûõ ïîêàçàòåëåé σi.

4) Åñëè âûïîëíåíî óñëîâèå (1.32 â), òî óðàâíåíèå (1.4) òàêæå óäîâëåòâîðÿåòñÿ. ⊲

Òåîðåìà 1.8. Ïóñòü ïðè âñåõ i ∈ I �óíêöèè vi(xi) ∈ Λ̃i. Òîãäà �óíêöèÿ, îïðåäåëÿå-

ìàÿ âûðàæåíèåì

u(X) =
N
∑

i=1

wi(xi) +
1

2

N
∑

i,j=1

vi(xi)vj(xj)(1 − δij), (1.37)

(δij � ñèìâîë Êðîíåêåðà) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.4), åñëè âûïîëíåíî îäíî

èç ñëåäóþùèõ óñëîâèé:

1) ïðè âñåõ i ∈ I �óíêöèè wi(xi), vi(xi) óäîâëåòâîðÿþò óðàâíåíèþ

L̂2
iwi(xi) = pi(L̂ivi(xi))

2, (1.38)

ïðè÷åì ïîñòîÿííûå pi óäîâëåòâîðÿþò óñëîâèþ (1.19);
2) ïðè äâóõ çíà÷åíèÿõ i ∈ I �óíêöèè wi(xi), vi(xi) óäîâëåòâîðÿþò óðàâíåíèþ (1.38),

ïðè÷åì pi = 1 äëÿ ýòèõ çíà÷åíèé i, à ïðè îñòàëüíûõ çíà÷åíèÿõ i ∈ I �óíêöèè wi(xi),
vi(xi) ìîãóò áûòü ïðîèçâîëüíûìè.

⊳ Èñïîëüçóÿ âûðàæåíèå (1.37), íàõîäèì ýëåìåíòû ìàòðèöû â ëåâîé ÷àñòè óðàâíå-

íèÿ (1.4):

R̂iju =

{

ψi(xi), i = j;

ϕi(xi)ϕj(xj), i 6= j,
(1.39)

ãäå

ϕi(xi) = L̂ivi(xi), ψi(xi) = L̂2
iwi(xi). (1.39 à)

Íà îñíîâàíèè (1.39) è (1.39 à), ëåâóþ ÷àñòü óðàâíåíèÿ (1.4) ïðåäñòàâèì â âèäå:

det |R̂u| =

(

1 +
N
∑

i=1

[ϕi(xi)]
2

Ti(xi)

) N
∏

i=1

Ti(xi), (1.40)

ãäå

Ti(xi) = ψi(xi)− [ϕi(xi)]
2. (1.40 à)

1. Åñëè ïðè âñåõ i ∈ I �óíêöèè wi(xi), vi(xi) óäîâëåòâîðÿþò óðàâíåíèþ (1.38), òî

âûðàæåíèå (1.40) ìîæíî ïðåäñòàâèòü â âèäå

det |R̂u| =

(

1 +
N
∑

i=1

1

pi − 1

) N
∏

i=1

(pi − 1)[ϕi(xi)]
2. (1.41)

Èç (1.41) ñëåäóåò, ÷òî åñëè ïîñòîÿííûå pi óäîâëåòâîðÿþò óñëîâèþ (1.19), òî det |R̂u| ≡ 0,
ò. å. óðàâíåíèå (1.4) óäîâëåòâîðÿåòñÿ.

2. Ïóñòü i1, i2 ∈ I � ïðîèçâîëüíî âûáðàííûå çíà÷åíèÿ, Ĩ(i1, i2) = I \ {i1, i2}. Òîãäà
âûðàæåíèå (1.40) ìîæíî çàïèñàòü òàê:

det |R̂u| =

{

Ti1(xi1)Ti2(xi2)

(

1 +
∑

i∈Ĩ(i1,i2)

[ϕi(xi)]
2

Ti(xi)

)

+ Ti1(xi1) + Ti2(xi2)

}

∏

i∈Ĩ(i1,i2)

Ti(xi). (1.42)
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Äàëåå, åñëè ïðè i = i1, i = i2 �óíêöèè wi(xi), vi(xi) óäîâëåòâîðÿþò óðàâíåíèþ (1.38) è

ïðè ýòîì pi = 1, òî èç (1.39 à) è (1.40 à) ïîëó÷àåì

Ti1(xi1) ≡ 0, Ti2(xi2) ≡ 0. (1.43)

Òîãäà èç (1.42) è (1.43) ñëåäóåò det |R̂u| ≡ 0, òàê ÷òî è â ýòîì ñëó÷àå �óíêöèÿ (1.37)

óäîâëåòâîðÿåò óðàâíåíèþ (1.4). ⊲

Òåîðåìà 1.9. Ïóñòü ïðè íåêîòîðîì i ∈ Ik ⊂ I �óíêöèÿ vi(xi) ∈ Λi, à ïðè âñåõ

n 6= i un(xn) � ïðîèçâîëüíûå �óíêöèè. Òîãäà óðàâíåíèå (1.4) èìååò ìíîæåñòâî ðåøåíèé,
îïðåäåëÿåìîå âûðàæåíèåì

u(X) =

(

vi(xi) +
∑

n∈Ĩk(i)

un(xn)

)

K
∏

l=1,
l 6=k

∑

n∈Il

un(xn), (1.44)

ãäå Ĩk(i) = Ik \ {i}.

⊳ Èñïîëüçóÿ âûðàæåíèå (1.44), íàéäåì ìàòðè÷íûå ýëåìåíòû â ëåâîé ÷àñòè óðàâíå-

íèÿ (1.4).

1. Åñëè i ∈ Ik, j ∈ Ik, òî ïðè ëþáûõ j 6= i ìîæíî çàïèñàòü

L̂iL̂j

(

vi(xi) +
∑

n∈Ĩk(i)

un(xn)

)

= 0. (1.45)

Ïðè j = i (1.45) òàêæå âûïîëíÿåòñÿ, òàê êàê ïî óñëîâèþ òåîðåìû vi(xi) ∈ Λi.

2. Åñëè i ∈ Ik, j ∈ Ik1 , k 6= k1, òî

L̂iL̂ju(X) = L̂ivi(xi)L̂juj(xj)
K
∏

l=1,
l 6=k,k1

∑

n∈Il

un(xn) = 0 (1.46)

â ñèëó óñëîâèÿ òåîðåìû vi(xi) ∈ Λi. Èç (1.45) è (1.46) ñëåäóåò, ÷òî ïðè äàííîì i è ïðè

ëþáûõ j ∈ I R̂iju ≡ 0. Ýòî îçíà÷àåò, ÷òî i-ÿ ñòðîêà îïðåäåëèòåëÿ â ëåâîé ÷àñòè (1.4)

ñîñòîèò òîëüêî èç íóëåâûõ ýëåìåíòîâ. Òîãäà, â ñèëó èçâåñòíîãî ñâîéñòâà îïðåäåëèòå-

ëåé [13℄, det |R̂u| ≡ 0. ⊲

Òåîðåìà 1.10. Ïóñòü âñå îïåðàòîðû L̂i èìåþò ïîñòîÿííûå êîý��èöèåíòû, ò. å.

ami(xi) = const ïðè âñåõ i ∈ I, 1 6 m 6 Mi. Òîãäà óðàâíåíèå (1.4) èìååò ðåøåíèå

òèïà áåãóùåé âîëíû

u(X) = U(z), z =

N
∑

n=1

cnxn, (1.47)

ãäå cn � ïîñòîÿííûå êîý��èöèåíòû, ïðè÷åì �óíêöèÿ U(z) óäîâëåòâîðÿåò óðàâíåíèþ

det

∣

∣

∣

∣

∣

Mi
∑

mi=1

Mj
∑

mj=1

amiiamjjc
mi

i c
mj

j U (mi+mj)(z)

∣

∣

∣

∣

∣

= 0. (1.48)

⊳ Òàê êàê ïî óñëîâèþ òåîðåìû ami(xi) = const ïðè âñåõ i ∈ I, 1 6 m 6 Mi, òî óðàâ-

íåíèå (1.4) èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñäâèãà, è ïîýòîìó èìååò ðåøåíèå
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òèïà áåãóùåé âîëíû (1.47). Ïîäñòàâëÿÿ ýòî ðåøåíèå â (1.4), ïîëó÷àåì ÎÄÓ (1.48) äëÿ

�óíêöèè U(z). ⊲

�àññìîòðèì íåêîòîðûå ÷àñòíûå ñëó÷àè ðåøåíèÿ òèïà áåãóùåé âîëíû.

Ïóñòü ïðè âñåõ i ∈ I

L̂i =

(

∂

∂xi

)Mi

. (1.49)

Òîãäà óðàâíåíèå (1.48) ïðèíèìàåò âèä

det
∣

∣

∣
cMi

i c
Mj

j U (Mi+Mj)(z)
∣

∣

∣
= 0. (1.50)

Âûíîñÿ îáùèå ìíîæèòåëè â ëåâîé ÷àñòè (1.50) çà çíàê îïðåäåëèòåëÿ è ó÷èòûâàÿ, ÷òî

ci 6= 0 ïðè âñåõ i ∈ I, òàê êàê ðåøåíèå ïðåäïîëàãàåòñÿ ñóùåñòâåííî çàâèñÿùèì îò âñåõ

ïåðåìåííûõ, ïðèâîäèì óðàâíåíèå ê âèäó

det
∣

∣

∣
U (Mi+Mj)(z)

∣

∣

∣
= 0. (1.51)

à) Åñëè îäíîâðåìåííî ñ (1.49) òàêæå âûïîëíåíî óñëîâèå Mi = M ïðè âñåõ i ∈ I, òî

(1.51) ïðåîáðàçóåòñÿ ê âèäó

[U (2M)(z)]N det |dij | = 0, (1.51 à)

ãäå dij = 1 ïðè âñåõ i, j ∈ I. Òàê êàê det |dij | = 0, òî èç (1.51 à) ñëåäóåò, ÷òî â äàííîì

ñëó÷àå óðàâíåíèþ (1.4) óäîâëåòâîðÿåò ðåøåíèå âèäà (1.47) ñ ïðîèçâîëüíûìè êîý��èöè-

åíòàìè ci è ïðîèçâîëüíîé �óíêöèåé U(z), äè��åðåíöèðóåìîé 2M ðàç.

á) Ïóñòü òåïåðüMi, âîîáùå ãîâîðÿ, ðàçëè÷íû. �àññìîòðèì âîçìîæíûå ðåøåíèÿ óðàâ-

íåíèÿ (1.51). Íåïîñðåäñòâåííîé ïîäñòàíîâêîé ëåãêî óáåäèòüñÿ, ÷òî ýêñïîíåíöèàëüíîå ðå-

øåíèå U(z) = U0 exp(z) óäîâëåòâîðÿåò ýòîìó óðàâíåíèþ.
Ïîêàæåì, ÷òî äëÿ äàííîãî ñëó÷àÿ èìååòñÿ òàêæå ñòåïåííîå ðåøåíèå

U(z) = U0z
α, (1.52)

ãäå α � íåèçâåñòíûé ïàðàìåòð, ïîäëåæàùèé îïðåäåëåíèþ. Ïîäñòàâëÿÿ �óíêöèþ (1.52)

â óðàâíåíèå (1.51), ïîëó÷àåì

UN
0 z

Nα
N
∏

i=0

(ci

z

)2Mi

det |Q(α,Mi +Mj)| = 0 (1.53)

èëè

det |Q(α,Mi +Mj)| = 0. (1.54)

Çäåñü èñïîëüçóåòñÿ îáîçíà÷åíèå

Q(α,m) = α(α− 1) . . . (α−m+ 1).

Òàêèì îáðàçîì, â ñëó÷àå á) óðàâíåíèå (1.51) èìååò ñòåïåííîå ðåøåíèå (1.52), à âîçìîæíûå

çíà÷åíèÿ ïîêàçàòåëÿ α ÿâëÿþòñÿ êîðíÿìè óðàâíåíèÿ (1.54).



Î ìíîãîìåðíûõ äåòåðìèíàíòíûõ äè��åðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèÿõ 63

2. Àíàëèç íåîäíîðîäíîãî óðàâíåíèÿ

Äàííûé ïàðàãðà� ïîñâÿùåí èññëåäîâàâíèþ ðåøåíèé óðàâíåíèÿ (1.1) ïðè íåíóëåâîé

ïðàâîé ÷àñòè. Ïðîñòåéøèå ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ ïðè îïðåäåëåííûõ óñëîâè-

ÿõ èìåþò âèä ñóììû �óíêöèé îò ðàçëè÷íûõ ïîäìíîæåñòâ ïåðåìåííûõ, ÷òî îïðåäåëÿåòñÿ

ñëåäóþùåé òåîðåìîé.

Òåîðåìà 2.1. Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ (1.1) îïðåäåëÿåòñÿ âûðàæåíèåì

F

(

u,X,
∂u

∂X

)

= exp(γu)

K
∏

k=1

fk(Xk)

N
∏

i=1

(

∂u

∂xi

)βi

. (2.1)

Òîãäà óðàâíåíèå (1.1) èìååò ìíîæåñòâî ðåøåíèé âèäà

u(X) =

K
∑

k=1

uk(Xk), (2.2)

ãäå �óíêöèè uk(Xk) óäîâëåòâîðÿþò óðàâíåíèÿì

det |R̂kuk| = bkfk(Xk) exp(γuk)
∏

i∈Ik

(

∂u

∂xi

)βi

, (2.3)

ïðè÷åì ïîñòîÿííûå bk äîëæíû óäîâëåòâîðÿòü óñëîâèþ

K
∏

k=1

bk = 1. (2.3 à)

⊳ Ïîäñòàâëÿÿ (2.2) â óðàâíåíèå (1.1) è ó÷èòûâàÿ (2.1), íåòðóäíî ïðåäñòàâèòü (1.1)

â âèäå

K
∏

k=1

{

det |R̂kuk|

(

fk(Xk) exp(γuk)
∏

i∈Ik

(

∂u

∂xi

)βi

)−1}

= 1. (2.4)

Ëåâàÿ ÷àñòü óðàâíåíèÿ (2.4) ïðåäñòàâëåíà â âèäå ïðîèçâåäåíèÿ K ñîìíîæèòåëåé, çàâè-

ñÿùèõ îò ðàçíûõ ïîäìíîæåñòâ íåçàâèñèìûõ ïåðåìåííûõ Xk. Ïîýòîìó, â ñîîòâåòñòâèè

ñ èçâåñòíîé ñõåìîé ðàçäåëåíèÿ ïåðåìåííûõ [1, 2℄, èç (2.4) ñëåäóåò, ÷òî �óíêöèè uk(Xk)
óäîâëåòâîðÿþò óðàâíåíèÿì (2.3), à ïîñòîÿííûå ðàçäåëåíèÿ bk � óñëîâèþ (2.3 à). ⊲

Òåîðåìà 2.2. Ïóñòü wk(xk) ∈ Λ̃k ïðè íåêîòîðîì k ∈ I, à vn(xn) ∈ Λn ïðè âñåõ n 6= k,

n ∈ I. Òàêæå ïóñòü �óíêöèÿ u0(X) óäîâëåòâîðÿåò óðàâíåíèþ (1.1), ïðè÷åì ïðåäïîëà-

ãàåòñÿ, ÷òî ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ çàâèñèò òîëüêî îò X, ò. å. F = f(X). Òîãäà
ëþáàÿ �óíêöèÿ, îïðåäåëÿåìàÿ âûðàæåíèåì

u(X) = u0(X) + wk(xk)

S
∑

s=1

∏

n∈Ωs

vn(xn), (2.5)

òàêæå ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.1).

⊳ Äëÿ �óíêöèè u(X), îïðåäåëÿåìîé âûðàæåíèåì (2.5), ñïðàâåäëèâû ñëåäóþùèå ñî-

îòíîøåíèÿ:

L̂2
ku(X) = L̂2

ku0(X) + L̂2
kwk(xk)

S
∑

s=1

∏

n∈Ωs

vn(xn) = L̂2
ku0(X), (2.6 à)
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L̂iL̂ku(X) = L̂iL̂ku0(X) + L̂kwk(xk)L̂ivi(xi)
∏

n∈Ωs,
n 6=i

vn(xn) = L̂iL̂ku0(X), (2.6 á)

L̂iL̂ju(X) = L̂iL̂ju0(X) + wk(xk)L̂ivi(xi)L̂jvj(xj)
∏

n∈Ωs,
n 6=i,j

vn(xn) = L̂iL̂ju0(X), (2.6 â)

ïðè÷åì â (2.6 á, â) i 6= k, j 6= k. Èç (2.6 à), (2.6 á) è (2.6 â) ñëåäóåò, ÷òî

det |R̂u(X)| = det |R̂u0(X)|. (2.7)

Òàê êàê ïî óñëîâèþ òåîðåìû ïðàâàÿ ÷àñòü (1.1) çàâèñèò òîëüêî îò X, òî èç (2.7) ñëåäóåò,

÷òî �óíêöèÿ u(X) òàêæå óäîâëåòâîðÿåò óðàâíåíèþ (1.1). ⊲

Òåîðåìà 2.3. Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ (1.1) èìååò âèä

F

(

u,X,
∂u

∂X

)

=

N
∏

i=1

fi(xi). (2.8)

Ïóñòü òàêæå ïðè âñåõ i ∈ I �óíêöèè vi(xi) ∈ Λ̃i. Òîãäà �óíêöèÿ, îïðåäåëÿåìàÿ âûðàæå-

íèåì (1.37), ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1.1), åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ

óñëîâèé:

1) ïðè âñåõ i ∈ I �óíêöèè wi(xi), vi(xi) óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé

L̂2
iwi(xi) = pi(L̂ivi(xi))

2, L̂2
iwi(xi) = λifi(xi), (2.9)

ïðè÷åì ïîñòîÿííûå pi, λi óäîâëåòâîðÿþò óñëîâèþ

(

1 +
N
∑

i=1

1

pi − 1

)

N
∏

i=1

{(

1−
1

pi

)

λi

}

= 1; (2.10)

2) ïðè âñåõ i ∈ I, i 6= j, �óíêöèè wi(xi), vi(xi) óäîâëåòâîðÿþò ñèñòåìå óðàâíåíèé (2.9),
a �óíêöèè wj(xj), vj(xj) óäîâëåòâîðÿþò óðàâíåíèþ

DjL̂
2
jwj(xj)−Bj(L̂jvj(xj))

2 = λjfj(xj), (2.11)

ãäå êîý��èöèåíòû Dj , Bj îïðåäåëÿþòñÿ âûðàæåíèÿìè

Bj =
N
∑

i=1,i 6=j

1

pi − 1

N
∏

i=1,
i 6=j

(

1−
1

pi

)

, Dj = Bj +
N
∏

i=1,i 6=j

(

1−
1

pi

)

, (2.11 à)

à ïîñòîÿííûå λi óäîâëåòâîðÿþò óñëîâèþ

N
∏

i=1

λi = 1. (2.12)

⊳ Ïîäñòàâèâ (1.37) â (1.1) è èñïîëüçóÿ ñîîòíîøåíèÿ (1.40) è (2.8), óðàâíåíèå (1.1)

ìîæíî ïðåäñòàâèòü â âèäå

(

1 +

N
∑

i=1

[ϕi(xi)]
2

Ti(xi)

) N
∏

i=1

Ti(xi) =

N
∏

i=1

fi(xi), (2.13)

ãäå Ti(xi) îïðåäåëÿåòñÿ âûðàæåíèåì (1.40 à).
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1. Ïóñòü ïðè âñåõ i ∈ I �óíêöèè wi(xi), vi(xi) óäîâëåòâîðÿþò ïåðâîìó óðàâíåíèþ

ñèñòåìû (2.9). Òîãäà óðàâíåíèå (2.13) ìîæíî ïåðåïèñàòü òàê:

P

N
∏

i=1

ψi(xi)

fi(xi)
= 1, (2.14)

ãäå

P =

(

1 +
N
∑

i=1

1

pi − 1

)

N
∏

i=1

{(

1−
1

pi

)}

. (2.14 à)

�àçäåëÿÿ ïåðåìåííûå â (2.14) è ó÷èòûâàÿ (1.39 à), ïîëó÷àåì âòîðîå óðàâíåíèå ñèñòåìû

(2.9) è óñëîâèå (2.10) äëÿ ïîñòîÿííûõ pi, λi.

2. Ïóñòü òåïåðü âûáðàíî íåêîòîðîå çíà÷åíèå j ∈ I, è ïðè âñåõ i ∈ I, i 6= j, �óíêöèè

wi(xi), vi(xi) óäîâëåòâîðÿþò ïåðâîìó óðàâíåíèþ ñèñòåìû (2.9). Â ýòîì ñëó÷àå óðàâíå-

íèå (2.13) ïðèíèìàåò âèä

(

1 +

N
∑

i=1,
i 6=j

1

pi − 1
+

[ϕj(xj)]
2

Tj(xj)

)

Tj(xj)

N
∏

i=1,
i 6=j

{(

1−
1

pi

)

ψi(xi)

}

=

N
∏

i=1

fi(xi) (2.15)

èëè

Djψj(xj)−Bj [ϕj(xj)]
2

fj(xj)

N
∏

i=1,
i 6=j

ψi(xi)

fi(xi)
= 1, (2.16)

ãäå êîý��èöèåíòû Dj , Bj îïðåäåëÿþòñÿ âûðàæåíèÿìè (2.11 à). �àçäåëÿÿ ïåðåìåííûå

â (2.16) è ó÷èòûâàÿ (1.39 à), ïîëó÷àåì âòîðîå óðàâíåíèå ñèñòåìû (2.9) äëÿ �óíêöèé

wi(xi), vi(xi) ïðè âñåõ i 6= j, óðàâíåíèå (2.11) äëÿ �óíêöèé wj(xj), vj(xj) è óñëîâèå (2.12)
äëÿ ïîñòîÿííûõ λi. ⊲

Òåîðåìà 2.4. Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ (1.1) èìååò âèä

F

(

u,X,
∂u

∂X

)

= [u(X)]γ
N
∏

i=1

{

fi(xi)

(

∂u

∂xi

)βi
}

, (2.17)

ãäå γ, βi � âåùåñòâåííûå ïàðàìåòðû. Ïóñòü òàêæå âûïîëíåíî îäíî èç ñëåäóþùèõ óñëî-

âèé:

1) ïðè âñåõ i ∈ I �óíêöèè ui(xi) óäîâëåòâîðÿþò ïåðåîïðåäåëåííûì ñèñòåìàì óðàâíå-

íèé

ui(xi)L̂
2
iui(xi) = pi(L̂iui(xi))

2, (2.18 à)

L̂2
i ui(xi) = λifi(xi)[u

′
i(xi)]

βi [ui(xi)]
θi . (2.18 á)

Çäåñü ïîñòîÿííûå pi, λi óäîâëåòâîðÿþò óñëîâèþ (2.10), à θi îïðåäåëÿåòñÿ âûðàæåíèåì

θi = βΣ + γ + 1−N − βi, βΣ =

N
∑

n=1

βn. (2.19)

2) ïðè âñåõ i ∈ I, i 6= j, �óíêöèè ui(xi) óäîâëåòâîðÿþò ñèñòåìàì óðàâíåíèé (2.18 à),

(2.18 á), à �óíêöèÿ uj(xj) óäîâëåòâîðÿåò óðàâíåíèþ

DjL̂
2
juj(xj)−Bj

(Ljuj(xj))
2

uj(xj)
= λjfj(xj)[u

′
j(xj)]

βj [uj(xj)]
θj . (2.20)
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Çäåñü Dj , Bj îïðåäåëÿþòñÿ âûðàæåíèÿìè (2.11 à), à ïîñòîÿííûå λi óäîâëåòâîðÿþò óñëî-

âèþ (2.12). Òîãäà �óíêöèÿ u(X), îïðåäåëÿåìàÿ âûðàæåíèåì (1.20), ÿâëÿåòñÿ ðåøåíèåì

óðàâíåíèÿ (1.1).

⊳ Ïîäñòàâèâ âûðàæåíèå (1.20) â ïðàâóþ ÷àñòü óðàâíåíèÿ (1.1), íåòðóäíî ïðèâåñòè

åå ê âèäó

F

(

u,X,
∂u

∂X

)

=

N
∏

i=1

{

fi(xi)[u
′
i(xi)]

βi [ui(xi)]
βΣ+γ−βi

}

, (2.21)

ãäå βΣ îïðåäåëÿåòñÿ âûðàæåíèåì (2.19). Èñïîëüçóÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâà òåî-

ðåìû 1.5, ïîëó÷àåì, ÷òî ëåâàÿ ÷àñòü óðàâíåíèÿ (1.1) îïðåäåëÿåòñÿ âûðàæåíèåì (1.21),

ïðè÷åì âûðàæåíèå äëÿ deth çàïèøåòñÿ òàê:

deth =

(

1 +
N
∑

i=1

[ϕi(xi)]
2

Ti(xi)

)

N
∏

i=1

Ti(xi), (2.22)

ãäå Ti(xi) îïðåäåëÿåòñÿ âûðàæåíèåì (1.40 à),

ψi(xi) =
L̂2
iui(xi)

ui(xi)
, ϕi(xi) =

L̂iui(xi)

ui(xi)
. (2.22 à)

1. Ïóñòü ïðè âñåõ i ∈ I �óíêöèè ui(xi) óäîâëåòâîðÿþò óðàâíåíèþ (2.18 à). Òîãäà,

ó÷èòûâàÿ (1.21), (2.22), (2.22 à), ëåâóþ ÷àñòü óðàâíåíèÿ (1.1) ìîæíî ïðåäñòàâèòü òàê:

det |R̂u| = P

N
∏

i=1

{

[ui(xi)]
N−1L̂2

i ui(xi)
}

, (2.23)

ãäå P îïðåäåëÿåòñÿ âûðàæåíèåì (2.14 à). Íà îñíîâàíèè (2.21) è (2.22) óðàâíåíèå (1.1)

ïðèâîäèì ê âèäó

P

N
∏

i=1

L̂2
iui(xi)

fi(xi)[u′i(xi)]
βi [ui(xi)]βΣ+γ−βi−N+1

= 1. (2.23 à)

�àçäåëÿÿ ïåðåìåííûå â (2.23) è ó÷èòûâàÿ (2.19), ïîëó÷àåì óðàâíåíèå ñèñòåìû (2.18 á) è

óñëîâèå (2.10) äëÿ ïîñòîÿííûõ pi, λi.

2. Ïóñòü òåïåðü âûáðàíî íåêîòîðîå çíà÷åíèå j ∈ I, è ïðè âñåõ i ∈ I, i 6= j, �óíêöèè

ui(xi) óäîâëåòâîðÿþò óðàâíåíèþ (2.18 à). Â ýòîì ñëó÷àå ëåâóþ ÷àñòü óðàâíåíèÿ (1.1)

ìîæíî ïðåäñòàâèòü â âèäå (1.21), à âûðàæåíèå (2.22) äëÿ deth ïðåîáðàçîâàòü òàê:

det h =
{

Djψj(xj)−Bj

[

ϕj(xj)
]2
}

N
∏

i=1,
i 6=j

ψi(xi), (2.24)

ãäå êîý��èöèåíòû Dj , Bj îïðåäåëÿþòñÿ âûðàæåíèÿìè (2.11 à). Ïîäñòàâëÿÿ â óðàâíå-

íèå (1.1) âûðàæåíèÿ (1.21), (2.21), (2.24) è ðàçäåëÿÿ ïåðåìåííûå â ïîëó÷åííîì óðàâíå-

íèè, ïîëó÷àåì óðàâíåíèå (2.18 á) äëÿ �óíêöèé ui(xi), è óðàâíåíèå (2.20) äëÿ �óíêöèè

uj(xj). ⊲
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Çàêëþ÷åíèå

Òàêèì îáðàçîì, â äàííîé ðàáîòå èññëåäîâàí íîâûé êëàññ óðàâíåíèé � ìíîãîìåðíûå

äåòåðìèíàíòíûå äè��åðåíöèàëüíî-îïåðàòîðíûå óðàâíåíèÿ âèäà (1.1). Ëåâàÿ ÷àñòü ýòèõ

óðàâíåíèé ïðåäñòàâëÿåò ñîáîé îïðåäåëèòåëü ñ ýëåìåíòàìè, ñîäåðæàùèìè ïðîèçâåäåíèÿ

ëèíåéíûõ îäíîìåðíûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ ïðîèçâîëüíîãî ïîðÿäêà, à ïðàâàÿ

÷àñòü çàâèñèò îò èñêîìîé �óíêöèè è åå ïåðâûõ ïðîèçâîäíûõ. Äîêàçàíû òåîðåìû î ðå-

øåíèÿõ îäíîðîäíûõ è íåîäíîðîäíûõ äåòåðìèíàíòíûõ äè��åðåíöèàëüíî-îïåðàòîðíûõ

óðàâíåíèé. Äîêàçàíû òåîðåìû î ïîíèæåíèè ðàçìåðíîñòè óðàâíåíèÿ. Äëÿ îäíîðîäíîãî

óðàâíåíèÿ äîêàçàíà òåîðåìà î âçàèìîñâÿçè ðåøåíèé èñõîäíîãî óðàâíåíèÿ è íåêîòîðî-

ãî âñïîìîãàòåëüíîãî ëèíåéíîãî óðàâíåíèÿ, à òàêæå ïîëó÷åíî ðåøåíèå óðàâíåíèÿ äëÿ

ñëó÷àÿ, êîãäà ëèíåéíûå îïåðàòîðû, âõîäÿùèå â åãî ñîñòàâ, èìåþò ïðîïîðöèîíàëüíûå

ñîáñòâåííûå çíà÷åíèÿ. Ïîëó÷åíû ðåøåíèÿ òèïà áåãóùåé âîëíû, ðåøåíèÿ â âèäå îáîáùåí-

íûõ ìîíîìîâ, à òàêæå ðåøåíèÿ, âûðàæàþùèåñÿ ÷åðåç ñîáñòâåííûå �óíêöèè ëèíåéíûõ

îïåðàòîðîâ, âõîäÿùèõ â ñîñòàâ óðàâíåíèÿ, è ðåøåíèÿ, âûðàæàþùèåñÿ ÷åðåç �óíêöèè,

ïðèíàäëåæàùèå ÿäðàì ýòèõ îïåðàòîðîâ.
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Abstra
t. We 
onsider a 
lass of multi-dimensional determinant di�erential-operator equations, the left

side of whi
h represents a determinant with the elements 
ontaining a produ
t of linear one-dimensional

di�erential operators of arbitrary order, while the right side of the equation depends on the unknown fun
tion

and its �rst derivatives. The homogeneous and inhomogeneous determinant di�erential-operator equations

are investigated separately. Some theorems on de
reasing of dimension of equation are proved. The solutions

obtained in the form of sum and produ
t of fun
tions in subsets of independent variables, in parti
ular,

of fun
tions in one variable. In parti
ular, it is proved that the solution of the equation under 
onsidering

is the produ
t of eigenfun
tions of linear operators 
ontained in the equation. A theorem on inter
onne
tion

between the solutions of the initial equation and the solutions of some auxiliary linear equation is proved for

the homogeneous equation. Also a solution of the homogeneous equation is obtained under the hypotheses that

the linear di�erential operators ñontained in the equation have proportional eigenvalues. Traveling wave type

solution is obtained, in parti
ular, the solutions of exponential form and also in the form of arbitrary fun
tion

in linear 
ombination of independent variables. If the linear operators in the equation are homogeneous then

the solutions in the form of generalized monomials are also found. Some partial solutions to inhomogeneous

equation are obtained provided that the right-hand side 
ontains only either independent variables or power

or exponential nonlinearity in unknown fun
tion and the powers of its �rst derivatives.

Key words: determinant di�erential-operator equation, determinant, linear di�erential operator, eigen-

fun
tion, kernel of an operator, traveling wave type solution.
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