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ABSTRACT. In this note, we prove the existence of a non-trivial weak solution for
a nonlinear equation involving a p-harmonic operator through a local minimization
theorem, under Dirichlet boundary value conditions. In the case of terms with
a sublinear growth near the origin, we ensure the existence of solutions for small
positive values of the parameter. Moreover, the corresponding solutions have smaller
energies as the parameter goes to zero.
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1. INTRODUCTION

Let Q ¢ RV (N > 3) be a bounded smooth open domain and let p > 1. In this
work, we shall study the following Dirichlet problem

1
u=0, 7u:0’ on 99, (1)

on
where A € R, n denotes the outward unit normal to 92, and f: Q@ xR — R is a

Carathéodory function such that

{ Aa(z, Au)) + div(|VuP2Vu) + [ulP?u = Af(z,u) + h(u), in Q,
0

(f1) |f(z,t)] < a1 + aglt|7, V (z,t) € Q xR,
for some non-negative constants aj, as, where ¢ € (1,p*) and

pN £
i
~+00, if p

N
<3,

N
277
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a: QxR — R, is a function such that thereis A : Q@ x R — R, A(x, ) is continuous
in Q x R, with continuous derivative with respect to &, a = D¢A = A, with a and
A having the following properties:

(a) a satisfies the growth condition: there is a constant ¢; > 0 such that

la(z,&)| < (14 [P, Vae EeR;

(b) ais monotone, i.e., (a(x, &) —a(x,&2))(§&1 —&2) > 0 holds for ae. Vo € Q, £ €
R, with equality if and only if & = &3,

(¢) A is homogeneous of degree p, i.e., V2 € Q, t € [0,400), £ € R,

Az, 1) = 1P A(z, €);

(d) A satisfies the ellipticity condition: there is a constant ¢y > 0 such that

Az, €) Z e2l€’, Vre eR,

and h : R — R is a Lipschitz continuous function of (p — 1)-order with the Lipschitz
constant 0 < L < 1, that is

|h(x) = h(y)| < Llz —y[P~"

for every x,y € R, and h(0) = 0.

More precisely, employing a critical point result for differentiable functionals, we
obtain some sufficient conditions to guarantee that, the problem (1) has at least one
weak solution (see Theorem 2).

The operator —div(a(x, Vu)), a special case of which is p-Laplacian, arises, for
example, from the expression of the p-Laplacian in curvilinear coordinates. Re-
cently, much progress has been made on the existence of solutions to the elliptic
Dirichlet problems involving a general operator in divergence form, for instance, see
[3, 9, 11, 17, 18, 28]. For example, De Népoli and Mariani in [9] studied the exis-
tence of solutions to equations of p-Laplacian type. They proved the existence of at
least one solution, and under further assumptions, the existence of infinitely many
solutions. In order to apply mountain pass results, they introduced a notion of uni-
formly convex functional that generalizes the notion of uniformly convex norm. Duc
and Vu in [11] studied the non-uniform case, and extended the result of [9] under
the key hypothesis that the map fulfills a suitable growth condition. The authors
in [28] established the existence and multiplicity of weak solutions of a problem in-
volving a uniformly convex elliptic operator in divergence form. They discussed the
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existence of one nontrivial solution by the mountain pass lemma, when the nonlin-
earity has a (p — 1)-superlinear growth at infinity, and two nontrivial solutions by
minimization and mountain pass when the nonlinear term has a (p — 1)-sublinear
growth at infinity. Molica Bisci and Repovs in [17], exploiting variational methods,
investigated the existence of three weak solutions for a class of elliptic equations
involving a general operator in divergence form and with Dirichlet boundary con-
dition. They are analyzed several special cases. In conclusion, for completeness,
they presented a concrete example of an application by finding the existence of
three nontrivial weak solutions for an uniformly elliptic second-order problem on a
bounded Euclidean domain, while in [18] they studied a nonlinear parametric Neu-
mann problem driven by a nonhomogeneous quasi-linear elliptic differential operator
div(a(x, Vu)), in which the reaction term is a nonlinearity function f which exhibits
(p — 1)-subcritical growth. By using variational methods, they proved a multiplicity
result on the existence of weak solutions for such problems. Also, in [3] existence
results and energy estimates of weak solutions to the following equation involving a
p-harmonic operator

u =0, % =0, on 052, @)

{ A(a(w,Au)) = Af(z,u), inQ,
on

where the function f : 2 x R — R is a Carathéodory function satisfied the condition
(f1), by using Ricceri’s variational principle [22], in order to prove that the prob-
lem (2) admits at least one non-trivial weak solution for a open interval involving
the parameter )\, were established. In [8], Colasuonno et al. studied different and
very general classes of elliptic operators in divergence form looking at the existence
of multiple weak solutions. Their results represent a nice improvement, in several
directions, of the results obtained by Kristdly et al. in [15], in which the existence
of three weak solutions to the following problem involving elliptic operators in di-
vergence form

{ —div(a(z, Vu)) = f(z,u), inQ, 3)

u =0, on 0f2,

where Q C RV is a bounded domain, N > 2, while the nonlinearities a : €2 x RN —
RY and f: Q x R — R fulfill certain structural conditions, while the nonlinearity
has a (p — 1)—sublinear growth at infinity, was investigated.

The existence of multiple solutions for this type of nonlinear differential equations
was studied in [10]. Many of these results are based on some three critical points
theorems of Ricceri and Bonanno established in [5, 23]. In [21], Ricceri developed
one of his results, [23, Theorem 1] by means of an abstract result, [24, Theorem 4].
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Yang et al. in [26] studied the following singular p-Laplacian type equation

—div(]w\_ﬁa(x, Vu)) = Af(z,u), inQ,
u =0, on 012,

where 0 < 8 < N — p, Q is a smooth bounded domain in RY containing the origin,
f satisfies some growth and singularity conditions. Under some mild assumptions
on the function a, applying the three points theorem due to Bonanno [5], authors
established the existence of at least three distinct weak solutions to the above prob-
lem if f admits some hypotheses on the behavior at u = 0 or perturbation property.
Using the minimax methods in critical point theory, Suo and Tang in [25] studied
the multiplicity of solutions for degenerate semi-linear elliptic equation of the form

—div(a(z)Vu) = Au+ f(z,u) + h(z), inQ,

u =0, on 012,
where 2 is a bounded domain in RY (N > 2) with smooth boundary 992, the function
a is a nonnegative measurable weight on Q, A € R, h € L?(), and f: Q x R =+ R
is a Carathéodory function and satisfies the following assumption:

(e) There exist constants ¢ > 0 and ¢ € (1,2) such that

[f(a, )] < e(1+ [t17),
for all (z,t) € Q x R.

In [7] the authors in the framework of variable exponent spaces spaces, using
variational methods discussed the existence of solutions for the nonlinear elliptic
problem involving a p(.)-Laplace-type operator

—div(a(z, Vu)) + |Vu(z) P@)=2y = \f(z,u), in
u(x) = constant, on 01},

where Q is a bounded domain in RV (N > 2) , the functions a : @ x RY — RY and
f: QxR — R are fulfilling appropriate conditions.

In the present paper, employing a smooth version of [6, Theorem 2.1] which is a
more precise version of Ricceri’s Variational Principle [22], we attempt the existence
of at least one nontrivial weak solution for the problem (1) for small values of the
parameter and requiring an additional asymptotical behaviour of the potential at
zero, if f(x,0) = 0 for a.e. z € Q. In the case of terms with a sublinear growth
near the origin, we ensure the existence of solutions for small positive values of

66



S. Heidarkhani, A.L.A. De Araujo, G.A. Afrouzi, S. Pourali Roudbari — Exist ...

the parameter. Moreover, the corresponding solutions have smaller energies as the
parameter goes to zero, see Theorem 2. We list some consequences of the results.
We illustrate the results by presenting convenient examples. Finally we present
some consequences of the results, examples and a detailed discussion on systems
with p = 2 and particular cases of the functions a and f are given.

The outline of the paper is organized as follows: In Section 2 we shall recall our
main tool (Theorem 1) and some properties of variable exponent spaces and basic
notations which we need in the proofs. Whereas, in Section 3 we formulate the main
result and prove it, in order to discuss the existence of one weak solution for the
problem (1). We also list some consequences of the main results, and present some
examples to illustrate the results. Finally, in Section 4 we give an application of the
main result for particular case of the function @ and nonlinear term f in the case
p=2.

2. PRELIMINARIES

Our main tool is a smooth version of Theorem 2.1 of [6] which is a more precise
version of Ricceri’s Variational Principle [22] that we recall here.

Theorem 1. Let X be a refliexive real Banach space, let ®,¥ : X — R be two
Gateauz differentiable functionals such that ® is strongly continuous, sequentially
weakly lower semicontinuous and coercive in X and VU is sequentially weakly upper
semicontinuous in X . Let Iy be the functional defined as I == ® — AU, A € R, and
for any r > igl(f D et ¢ be the function defined as

SElp ) U(v) — ¥(u)
ve®~1((—o00,r)
r— ®(u) ' (4)

o(r) == inf
ued-1 ((700,7"))

Then, for any r > igl(f@ and any A € (0,1/p(r)), the restriction of the functional

I to <I>*1((—oo,7“)) admits a global minimum, which is a critical point (precisely a
local minimum) of I in X.

We refer the interested reader to the papers [4, 12, 13, 16] in which Theorem 1
has been successfully employed to the existence of at least one non-trivial solution
for boundary value problems.

Now, let us denote by X the Sobolev space W2P(Q) N W& ?(Q), endowed with
the norm

1/p
lul| :== </Q ]Au(x)\pdx+/g |Vu(:c)|pd:zc—i-/Q |u(:1;)|pdx> i
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We recall that (see [27, page 1026]) if p > N/2, the embedding X — C°(Q) is
compact, and if p < N/2, the embedding X — L9(Q) for all g € [1,p*) is compact.
Hence, for the case where p > N/2, there exists k > 0 such that

[ulloe < Ellull,  VueX,
and for the case where p < N/2, there exists S; > 0 such that
lullpay < Sqllull,  VueX.

We say that a function u is a weak solution of problem (1), if uw € X and satisfies
/ la(z, Au)Av + |VuP~2VuVo + [ulP~2uv — X f(z,u)v — h(u)v] do =0,
Q

for every v € X.

3. MAIN RESULTS

In this section, we state and prove the main results of this paper.

Theorem 2. Let f: Q xR — R be a Carathéodory function such that condition
(f1) holds and
bcs
L < —, 5
where c3 = min{%, ca}. In addition, if f(x,0) =0 for a.e. x € Q, assume also that

(f2) there are a non-empty open set D C Q and a set B C D of positive Lebesque

measure such that )
ess inf F(x,t)
€D

limsup ——— = 40
ta0+p tP ’
and ]
ess inf F(x,t)
lim inf S > —00,
t—0+ tP
where

¢
Fla,t) ::/ F@,€)de, V¥ (2,t) € Q x R.
0
Further, assume that a and A are continuous functions and satisfy conditions (a)-
(d).

Then, there exists \* > 0, such that, for any A € (0,\*) problem (1) admits at
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least one non-trivial weak solution uy € X. Also, \* = 400, provided q € (1,p).
Moreover,

lim ||uy|| =10

lim [fur]| =0,

and the function

1 1
/\»—>/< x, Auy) + |VuA\p+|uA]p) d:c—)\/F(x,uA)d:c—/H(uA)da:
p p Q Q

is negative and strictly decreasing in (0, \*).

Proof. Our aim is to apply Theorem 1 to problem (1). To this end, let the functionals
® ¥ : X — R be defined by

() ::/A(:U, Au(m))dH;/g |Vu(;v)|pdaj+;/g |u(x)|pda;—/Q H(u(z)) dz

where H (t fo s)ds, for every t € R, and

U (u) ::/QF(.CL‘,U(.I‘)) dx,

for every u € X, and set I := & — A\V. Clearly, ® and ¥ are well defined and
continuously Géateaux differentiable functionals whose Géateaux derivatives at the
point u € X are given by

&' (u)(v) = /Q [a(z, Aw)Av + [VulP~2VuVo + [ufP~2uv — h(u)v] dz,

0 = [ Fau@))ds

for every v € X (see [10, Lemma 2.2]). In the same way as in the proof [7, Lemma
5] we observe ® is sequentially Weakly lower semicontinuous. Moreover, U is sequen-
tially weakly (upper) continuous. By condition (d), for all u € X, we have

pyl u(x)|P 1uaz‘p— u(x x
/Q[CQ|AU($)|+p|V()+p|()| |H (u(z))]| d

CSHqu—/ (/ h(s)] ds) da

Q 0

03Hu||p/ (L/ |s]”_1d5) dz
Q 0

%mW—LAhmwm
(ea == )l (6)

®(u)

v

v

Y

v

v
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So, from (5) and (6), we have that ® is coercive in X and inf,cx ®(u) = 0.
Now, let » > 0. It is easy to see that ¢(r) > 0 for any r > 0, where ¢ is defined by
(4). Then, by Theorem 1,

for any r > 0 and any \ € (O, 1/(,0(7")) the restriction
of I, to <I>_1((—oo,r)) admits a global minimum ) ,, (7)

which is a critical point (namely a local minimum) of I in X. Let \* be defined as

follows )
A= sup —.
r>0 <10(70)

Note that A\* > 0, since ¢(r) > 0 for any r > 0. Now, fix A € (0, \*). It is easy to
see that B
there exists 75 > 0 such that A < 1/¢(75). (8)

Then, by (7) applied with r = 75, we have that for any A such that
0<A<A< 1/p(75),

the function u) := (OWSTRE:! global minimum of the functional Iy restricted to
<I>’1((—oo,77;\)), ie.,

I(uy) < Ix(u) for any u € X such that ®(u) < 75 9)

and
P(uy) <7y, (10)

and also u) is a critical point of Iy in X and so it is a weak solution of problem (1).
Now, we show that \* = 400, provided ¢ € (1,p). To this end, by (f;), one has

Pz, t)] < anlt] + 219, (11)
q

for any (x,t) € Q x R. Also, by (6), for any u € X such that ®(u) < r, with r > 0,
we have

r
JullP < —,
C4
._ LSp
where ¢4 := c3 — - > 0. So, we observe that
Pl —oo,r)={uecX | du) <r}C{uecX | |uf< CL} (12)
4
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Now, we discuss two cases.
Case 1: If p < N/2, from (11) and (12), for any v € X such that ®(u) < r, we
obtain

U(u) = /QF(m,u(z))d:L'

IN

ailullzie) + 2l

S
arSujull + = —ul®

. a151<c4)1/p N azSd (L)WI?’

IN

q C4
so that .
sup U(u) < Lllslrl/p + 425 ra/P
/p q/p
ued—1 ((—oo,r)) Cy qcy

for any r > 0. Now, by definition of ¢, for any r > 0 we have

sup U (u)
@(r) S uced 1((—00,7")) S a1S1 rl/p_l + GQS((]] q/p_l7
r 1/p alp
€y qcy

since ¢(0) = ¥(0) = 0. Namely,

1 S qcz/p
(p(?") N alslqciq_l)/pr(l p)/p + agsgr(q_p)/p7
so that
1 q/p
A* = sup —— > sup ! = 400,

r>0 90(7‘) r>0 alslqc(q 1)/pr(1—P)/p + CLQSq (g—p)/p

provided ¢ € (1,p). Hence, A\* = +00 if ¢ € (1,p).
Case 2: If p > N/2, from (11), for any u € X such that ®(u) < r, we obtain

V() = /F:B,u(x

< meas

2l
< meas( <a1kru\|+\ ||q>
) (as(;

alk l/p aquq <;)q/p> 7
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so that

q
sup U(u) < meas(£2) (alle/P + anﬂ/p)

ued—1 ((—oo,r)) Céll/p qcz/p

for any r > 0. Now, by definition of ¢, for any r > 0 we have

SUD, g1 (oo (W) .
SD(T‘) < ued (( 00,7")) < meas(Q) &krl/p—l + %T‘q/p_l ‘
r ci/p qcz/p
Namely,
1 a/p
A\ = sup —— > sup 7 = 400,

r>0 SO(T) r>0 meas(ﬂ) (alchflq_l)/pr(l—p)/p + aqu'r(q—p)/P>

provided ¢ € (1,p). Hence, we obtain again \* = +o0 if ¢ € (1,p). Now, we have to
show that for any A € (0, A*) the solution wu) is not trivial. If f(-,0) # 0, we have
uy # 0 in X, since the trivial function does not solve problem (1). Let us consider
the case when f(-,0) = 0 and let us fix A € (0, \*) and A € (0, \). Finally, let uy be
as in (9) and (10). We will prove that uy # 0 in X. To this end, let us show that

lim sup
uf—ot P(u)

= +o0. (13)

For this, first note that, by (c), we have
Az, t€) = tP Az, £),
for all x € Q, t € [0, +00) and £ € R. Thus, for all ¢ € [0, 1] and u € X\ {0}, we have
@ (tru)|
/ |A(x,A(tiu(x)))\dx+1t/ V(o) d
Q P Ja

0 < ®(tru)

IN

IN

1

4 ;t/g |u(a;)|pdx+/ﬂ(/[)tPU(x)|h(s)\d3> do
< t( /Q [A(:U,Au(x)) + ;\Vu(x)\p—i—;(l—i—L) yu@)yp] dx>(14)

Due to (fz), we can fix a sequence {£,} C RT converging to zero and a constant

k € R such that

ess inf F(x,&,)
lim veb 7 = 400,
n—o0 &n
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and
inf F > &P
ess inf F(r,€) = €l

for n sufficiently large. Now, fix a set C' C B of positive measure and a function
v € X such that:

(i) v(x) € [0,1], for every z € Q;
(17) v(x) =1, for every z € C,
(791) v(z) =0, for every x € Q\ D.

Hence, fix M > 0 and consider a real positive number n with

nmeas(C) + Fd/ v(x) dx
D\C

M <
Jo A(x,Av(x))d;r—l—%fQ |Vv(x)\de+ (14 L) [, |v(z)Pde

Then, there is v € N such that £, < 1 and
inf F' > neP
€ss ;IelB (&) > nén,

1

for every n > v. Finally, let w, := &v for every n € N. It is easy to see that

wy, € X for any n € N. Now, for every n > v, bearing in mind the properties of the

function v (0 < wy(x) < o for n sufficiently large and some o > 0) and considering
1

in fact that &2 € [0, 1] for every n € N from (14), one has

(wy) /CF(x,fﬁ)dx+/D\CF(JU,§,?;U(Q;))dx

o) a(chv)
/ﬁfndl‘Jr/ k&pvP (x) do
c D\C
d(¢hv)
nénmeas(C) + k&y / P (x) dx
D\C

\%

(fQ (x, Av(x ))dx—k%fﬂ |VU(3:)|pd:c+ (1+1L) [, |v(z |Pdaz)

nmeas(C) + K /D\C(v(x))p dx

>
T o Az, Av(x )da;—i—%fﬂ |Vv(x)]pdm+ (1+1L) [q |v(z)Pde

> M
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Since M could be arbitrarily large, it follows that

U (wr,
lim (wn)

n—oo ®(wy,)

= +OO’

from which (13) clearly follows. Hence, there exists a sequence {wy} C X strongly
converging to zero, such that, for every n sufficiently large, w, € ®~* ((—oo, f;\)),
and

I(wy) == ®(wy) — AV (wy) < 0. (15)

Since u, is a global minimum of the restriction of I to ®~*((—oo,75)) (see (9)), by
(15) we conclude that
Ii(un) < I(wy) < 0=1,(0), (16)

so that uy # 0in X. Thus, u) is a nontrivial weak solution of problem (1). Moreover,
from (16) we can easily see that the map

(0, \) > XA — Ix(uy) is negative. (17)
Now, we claim that
lim |luy|| = 0.
A—0F

Indeed, let again A € (0,A\*) and A € (0,\). Bearing in mind (6) and the fact that
®(uy) < 7y, for any A € (0,)) (see (10)), one has that

callurllP < @(uy) < 7y,

that is, -
s
luallP < 2.
C4
Again, we consider two cases.
Case 1: If p < N/2, we have
| fe @@ sl < alulo + el
< a1 S1lluall + a2ST|lux|? (18)
7y \ /P 7y \ 4/P
< a151 (Q) +a253 <Q> =: MF;\,
C4 C4

for every A € (0, ).
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Case 2: If p > N/2, we have

/f@mmmmwwm
Q

< meas() (ar]|urlloo + azllur|L,)

< meas(Q) (a1k||ux|| + a2k?||up||?) (19)

< meas(Q) <a1k<rj‘>1/p + agk? (T;\>q/p> =: N;

C4 C4 A

for every A € (0, ). Since uy is a critical point of Iy, then I} (ux)(v) = 0, for any
v € X and every A € (0,\). In particular, I} (uy)(uy) = 0, that is

QWMWM—AAﬂ%w@WM@M, (20)

for every A € (0,A). On the other hand, since A is homogeneous, we have

mala,tn) = o (A, im))

= ptPtA(z,n).

So, n a(x,n) = pA(x,n) > A(z,n), for every x € Q and each n € R. Then,
a(z,§) § = Az, §) = cafel, (21)
for all £ € R. Then, from (20) and (21), it follows that

0< callurl? < ¥/ (un)(wn) = A [ o ua(w))us () do
Q
for any A € (0, \). Taking into account (18) or (19) and letting A — 01, we get
I —0,
Jim ]l
as claimed. Finally, we show that the map
A — I (uy) is strictly decreasing in (0, \*).

Indeed, we observe that for any u € X, one has
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Now, let us fix 0 < A\; < A2 < XA < A\* and let uy, be the global minimum of the
functional I, restricted to q)_l((—oo,ﬁ)) for i = 1,2. Also, let

me (P00 )= e (M0 ag)

vE@‘l((—oo,f;\))
for every i = 1,2. Clearly, (17) together (22) and the positivity of A imply that
my, <0, fori=1,2. (23)
Moreover,
My, < My, (24)

thanks to 0 < A\; < A. Then, by (22)-(24) and again by the fact that 0 < A\; < Ao,
we get that
Dy, (urg) = Aamy, < Aoy < Avmiyy = Iy, (uyy),

so that the map A — Iy(uy) is strictly decreasing in (0, A). The arbitrariness of
A < A\* shows that A — I)(u)) is strictly decreasing in (0, \*). Thus, the proof is
complete.

Now we give some remarks on our results.

Remark 1. In Theorem 2, employing Ricceri’s variational principle we searched for
a critical point of the functional I naturally associated with the the problem (1).
We note that, in general, the functional I can be unbounded from the below in X.
Indeed, for example, when f(z,t) = 14 [t|S72t for (z,t) € Q x R with ¢ > p > 2, for
any fixed u € X \ {0} and 7 € R, we obtain

Iy(tu) = ®(Tu) — )\/Q F(x,Tu)dx

< </ [A(x, Au)+ S vap + L L)\u|p] da;)
Q D p
¢
_
— At g — A?nuuic

L <
< Ut el = Arllulz - A?Hunic

— —00

as T — +00. Hence, using direct minimization is not possible to find critical points
of the functional 1.
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Remark 2. If function f is non-negative then the solution ensured in Theorem 2
is non-negative. Indeed, let u, be a non-trivial weak solution of the problem (1),
then u, is non-negative. Arguing by a contradiction, suppose that the set A = {z €
Q; u«(x) < 0} is non-empty and of positive measure. Put v(x) = min{u.(x),0}.
Using this fact that u, also is a solution of (1), so for every v € X one has

/ [a(w, Auy ) A + ]Vu*\p_QVu*V'D + s ]p_zu*f) — h(u*)ﬁ] dx
Q

- )\/ flx,u)vdx =0
Q
and by choosing v = u, and since f is non-negative, we have
0< (min{pCQ, 1} — LSZT;) ||u*||f’4

/ (a(@, Aus) At + [V P + [P — h(ws)us] do
A

= )\/Af(x,u*($))u*(:n) dx <0

pc3
ST
that u, is a non-trivial solution. Hence, u, is positive.

since L < where c3 = min{%,CQ}, we have [Ju, ||y < 0 which contradicts fact

Remark 3. It is worth to mention that Theorem 2 is a bifurcation result in the
sense that the pair (0,0) belongs to the closure of the set

{(ur,\) € X x (0,400) : wuy is a non-trivial weak solution of (1)}
in X x R. Indeed, by Theorem 2 we have that
|lurll = 0 as A — 0.

Hence, there exist two sequences {u;} in X and {\;} in RT (here u; = uy,) such
that A\; — 0% and ||u;|| — 0, as j — +o00. Moreover, we emphasis that due to the
fact that the map

(O, )\*) SA— I)\(U)\)

is strictly decreasing, for every A1, Ay € (0, \*), with A; # Ao, the solutions wuy, and
u), given by Theorem 2 are different.

Several special cases of Theorem 2 read as follows.

Corollary 3. Let g: Q — R be a function that g € L>(Q) with

ess inf g(x) > 0.
xef)
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Further, let f : R — R be a continuous function such that

[F()] < colt|” Y, (25)
for every t € R and some positive constant cy, where q € (1,p*). In addition, assume
that .

s)ds
lim 7f0 f(s) = 400,
t—0+ tp

and suppose also that the condition (5) holds, and a, A are continuous functions
and satisfy the conditions (a) — (d). Then, there exists \* > 0, such that, for any
A € (0, \*) problem

u =0, %:0, on 02,

{ Ala(z, Au)) + div(|VulP>Vu) + [ulP"?u = Ag(z) f(u) + h(u), inQ,
on

admits at least one non-trivial weak solution uy € X. Also, \* = 400, provided
q € (1,p). Moreover,

lim |jux||=0

A—07F

and the function

/\»—>/
Q

is negative and strictly decreasing in (0, \*).

ux ()
Az, Auy) + ;\va + ;wp _ H(uy(x) — A g(a:)(/o £(s) ds)] do

Proof. 1t is enough for the proof to put

Jolz,t) = g(2) f(t)

for every (z,t) € Q x R. Clearly, all of assumptions of Theorem 2 are satisfying.
Thus, by using Theorem 2 for the function fy the proof is complete.

Corollary 4. Let g : Q — R be a function that g € L>(Q) with

ess inf g(z) > 0.
T

Further, let f : R — R be a continuous function such that

ft)

1m
|t|—>+oo [t]971

=0, (26)
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where g € (1,p*) and the condition (5) holds. In addition, if f(0) = 0, assume that

lim 7fg f(s) ds

= 4-00.
t—0+ tP

Then, there exists \* > 0, such that, for any X € (0, \*) the following p-biharmonic
problem
{ A(JAuP2Au) + div(|VulP~2Vu) + |uP~2u = X g(z) f(u) + h(u), in Q,

ou
o = 0, on 0,

admits at least one non-trivial weak solution uy € X. Also, \* = 400, provided
q € (1,p). Moreover,

u =0,

tim, | <|Au>\(x)|p + V()P + \uA(x)|p> dz =0

A—0t

and the function

v 1 [ (180@p + [Fa@P + @) ) do

_/Q (/OW(QC) h(g)dg) d:c—)\/ﬂ g(x) </OW(I) f(s) ds> dx

is negative and strictly decreasing in (0, \*).

Proof. 1t is enough to put

a(z,€) = ¢ |77
for every (z,€) € © x R. From (26), the condition (25) is satisfying. So, the
conclusion follows by applying Corollary 3.

We end this section by giving the following examples to illustrate our results.

Example 1. Consider the following problem

Aa(z, Au)) + div(|VuP~2Vau) + [ulP~?u,= Af(z,u) + potan™ ' (u), in Q,
u =0, —U:O, on 0f2.
on
(27)

pc3

Now, by applying Theorem 2 with choosing po < “* and
P

f(z,t) == ax) [t|""Pt+o(x) [t|*Pt, forall (z,t) € 2 xR,
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where r € (1,p—2), 2p < s with s —p+2 < p* and , B : Q — R are two continuous
functions with a(z) negative, the problem (27) has at least one non-trivial weak
solution for any A € (0, \*), for some A\* > 0. Note that

lo f@g)de :E

hthO_'_ = (pthT 2p+2+hmt4)0+ ( ) ts 2p+2

( ) = 2p+2
r—p+2

limy o+

= limy o+
Ifre(l,p—2),thenr —p+2<0andr—2p+2 <0, hence

lim a(r) $r20+2

+o00.
t—0+t T —p+ 2

Also
f(t)

|t|—+oo [t]971

:0’

ifs—p+2<q<p’
Example 2. Now, we consider the following problem

Aa(z, Au)) + div(\Vu|p_2Vu) + [ulP72u = X f(u) + h(u), inQ,
{ ou (28)

u = 07 = 07 on 89,

an
where f(t) = qt9~! and h(t) = vsin(t) for every t € R where v < min{l,p c2} and
2 < q < p. By the definition of the function f we obtain that F(t) = t4. Clearly, we
have |f()] < q|t|97!, for allt € R, and since ¢ < p
F q

lim ﬂ = lim = = 4-o00.

t—o0+ P t—0+ tP
Then all conditions in Corollary 3 are satisfied. So, conclusions of Corollary 3 are
applicable for the problem 28.

Example 3. Letp>2 and2<q<p<p*' =y 2p Put
0 t<0
f(t)_{ sint ¢t >0.

Thus, one has

f(0)=0 and lim ) =

|t|—+oo [t]971
On the other hand, since p > 2 (or p—1 > 1), we obtain that
fg f(s)ds . sint

lim =———— = lim 7 = too.
t—0+ tp t—0+ ptP—
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So, all the assumptions Corollary 4 is satisfying. Then, Corollary 4 is applicable for
the problem

A(JAuP~2Au) + div(|VulP~2Vu) + |[ulP~2u = X f(u) + tanfl(g), in €,
u=0, aﬁzo, on 0f2,
on

where 11 < 3. Recall that for a(z, &) = [£|P~2, we have A(z, &) = %, for all (z,¢) €
Q) xR and c3 = %.

4. A PARTICULAR CASE OF THE PROBLEM
In this section, let p = 2 and the function a : 2 x R — R be defined as
-2
a(z,§) = [z "¢
and

Az, §) =

a(x,s) ds,

S~

for every (z,£) € Q x R, where 0 < a < % We consider the following nonlinear
system:
A(|z] 72 Au(x)) + div(Vu(z)) +u(z) = Mz| 72 f(u(z)) + h(u(z)), inQ,
0

_ % =0, on 0f2,
(29)

where A is a real positive parameter and 2 is a bounded domain similar to Section

1, and «, B are real numbers such that

N -2

u

0<ax< and a<p<a+l,

and f : R — R is a continuous function satisfying the following subcritical growth
condition
If(t)] < ap +azlt]™" foralltecR,

for some nonnegative constants aj,as and r €]1,r,[, where

(V-29) N,
N—-2a+1)N-2"
and h : R — R is a Lipschitz continuous function with the Lipschitzian constant
0 < L <1, that is

Ty := 2min{

|h(t1) = h(t2)| < Lltr — to|
for every t1,t2 € R and h(0) = 0. Since 2 is bounded, we have
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(@) la(z,&)| = |z|2* || < (1+]€]), V (2,8) € Qx R, (If Q does not contain
0)

for some positive constant ¢;. Now, put g(s) := A(x,s) for each z€Q and
s € R. Then, we obtain that the function ¢ is homogeneous of degree 2.

(c) there is a constant ca > 0 such that

13 —2«
Mw9)= [ atwsas = H e
—2a
[supzeg (d(z7 0))]
2
> - ;
= ol

Also a is monotone. Thus, all the conditions (a) — (d) in the Section 1 are satisfied
for the function a.

With the previous notations, the main result of this section reads as follows:

Theorem 5. Let f: R — R be a continuous function satisfying the following growth
condition

1) <az+aglt|”™"  forallteR (30)

for some nonnegative constants as,as and v €|1,1,[, where r, has been given above,
a and B are real numbers such that 0 < a < N;2 and a < 8 < a+ 1. In addition,
if f(0) =0, assume also that

t
s)ds
lim sup fo# = +00 and  liminf
t—0+ t t—0t+

fg f(s)ds

2 > —00. (31)

Moreover, suppose that
2c3

<7
S3’

—2«
Sup,cq (d(z,O))]
where c3 = min{%,CQ} and cy = 5 . Then, there exists \* > 0,
such that, for any A € (0, \*) the problem (29) admits at least one non-trivial weak
solution uy € W22(Q) N Wol’Q(Q). Also, \* = 400, provided q € (1,2). Moreover,

L (32)

A—0t1

lim (\Au)\(J:)IQ + |V (z) > + \uA(:c)P) dr =0,
Q
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and the function

o [ <|$|_2Q|AUA($)|2+|VUA(5E)|2+|U/\($)|2)dﬂﬂ

. /Q< df)dx— [t (/W)ﬂé)df) da

is negative and strictly decreasing in (0, \*).

Proof. By applying Theorem 2, put f(z,t) := |2|72°f(t) and a(x,t) := |z|~2%¢, for
each z € Q and t € R. So, f(z,0) = |2|72/f(0) = 0. Clearly, r, < 2% = % < p*
for p = 2. Therefore, from condition (30), assumption (f;) holds. Condition (31)
shows that (f2) of Theorem 2 holds. From what we said before this Theorem for the
function a :  x R — R defined as a(z,t) := |z|72* ¢t and from (32), we observe
that all of assumptions of Theorem 2 are satisfying. Thus, Theorem 2 ensures the
conclusion.

We give here the following special case of our result in this section; see also
Remark 6.

Theorem 6. Let 0 < f < 1 and f : R — R be a continuous function such that

f(0) =0 and
t t
lim & =400, and lim 1) _ =0,
t—0t+ t t—4oo |t|*
for some 0 < s < w, and assume that the condition (32) also holds. Then,

there exists \* > 0 such that for all X €]0, \*[, the following problem

A(A

u =

+ Au+4u = Nz| 2P f(u) + h(u), inQ,
=0, on 0f2,

u)
@
on

admits at least one nontrivial weak solution uy € W22(Q2) N W[)1’2(Q). Also, \ =
+o0, provided q € (1,2). Moreover, we have

lim (\Auxx)rz V(@) + |uA<x>P) d =0,

A—=0t1 Jo

and the mapping

A=

D=

A (’A“A@‘Q +[Vur(@)2 + ’W(@F) "

- [ Hs@)de=x [ ( /O"A(x)f@)dg) i
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is negative and strictly decreasing in |0, \*[.
Proof. Clearly, for a = 0, the conclusion follows from Theorem 5.

Remark 4. (see [16, Remark 4.1]) By simple direct computations, since

0<ax< and a<pf<a+l,

it follows that
2(N —-2p)

2< —— .
SN2+

Further, we observe that if, instead of 0 < a < %, we require the more condition

0§a<w, one has
2(N - 28)
— €]2,2%[.
N2+ 27l
Thus, in this special case, the above relation yields
2N —28)
TN -2a+1)

Taking Remark 4 into account, we have the following results from Theorem 5
motivated by [16, Corollary 4.5].

Corollary 7. Let f : R — R be a continuous function satisfying the condition (30),

for r €]2,1,[, where r, = % Further, assume that f(0) =0 and

lim 713 f(s)ds

t—0+ 12 = 100, (33)

and condition (32) holds. Then, there exists \* > 0 such that for any A €]0, \*[, the
problem (29) admits at least one nontrivial weak solution uy € W*2(Q) N WOI’2(Q).
Also, \* = 400, provided q € (1,2). Moreover,

li =0,

Jimfus

and the mapping

A | 72| Aux (2 )!2+\Vux(w)l2+lw($)2> dx

N[ —

|
S— 5—

H(ux(x)) dz — A / 22 F(uy(2)) da
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is negative and strictly decreasing in |0, \*[, where H is the primitive of the nonlin-
earity function h, i.e.,

t
H(t):= / h(s)ds,  for eacht € R.
0

The next example we choose a f vanishing at zero with the construction partially
motivated by [16, Example 4.6]. The existence of one nontrivial solution for the
problem involving f is achieved employing Corollary 7.

Example 4. Considere the problem (29) with f(z) := |z|V "2z + |2|*72x, for any
zER, 1 <y<2and2<s <7y, and h: R — R is a Lipschitz continuous function
of 1-order with the Lipschitzian constant 0 < L <1, a.e.,

[h(x) = h(y)] < Lz —yl,

for every z,y € R, and h(0) = 0 (for example, we can assume that the function h be
defined as h(x) = ptan~'x, for each x € R, where u is a positive constant which
is satisfying in the condition (32)). In fact, f(0) =0 and it is easy to verify that

1£(t)] < Z:Z + %MH, for all t € R.

On the other hand, we observe that

¢ -2 -2
. f(;f f(s)ds o fo (|x|V x4+ |x|* x)dm
t—0+ 12 t—0+ t?
t -2 52
Jo (@72 +252) da
— li 0 (
o st 12
= lim
t—0+ t2
= —o0.

Thus clearly, all the assumptions of Corollary 7 are fulfilled, ant it is applicable for
the problem (29).

Remark 5. (see [16, Remark 4.53.]) Since f(0) = 0 in the Theorem 5, A =0 is a
bifurcation point for problem (29), in the sense that the point (0,0) belongs to the
closure of the set

Y= {(u,\) € (W?3Q)n W&’Q(Q))X]O,+OO[: u 1s a weak solution of (29), u # 0}

in the space (WQ’Q(Q) N WOM(Q)> x R.
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Remark 6. (see [16, Remark 4.4]) Theorem 6 easily follows from Theorem 5 taking
into account that the following s-sublinear assumption at infinity

f@) _

oo [t]5

in which s € [0, sx), where

N+2(a—28+1) N+2}

o ::mm{ N-2(a+1) 'N-2

implies the growth condition (30). In addition, if
f(®)

lim —— = 400,
t—0+ &

also condition (31) holds true.

Remark 7. (see [16, Remark 4.8]) In conclusion, we also note that a related bifur-
cation result (in respect to Theorem 5) for perturbed elliptic problems and involving
the bi-harmonic operator A(Au) := div (V(Au)) More precisely, if f is satisfying

in the condition (30), under our assumptions at zero, problem
A(Au) + Au+u = Af(u) + h(u), in Q,
u=— =0, on 052,

admits at least one nontrivial weak solution and the other conclusions of Theorem 5
hold true.
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