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ON SUBCLASSES OF BI-UNIVALENT FUNCTIONS ASSOCIATED
WITH THE RADUCANU-ORHAN DIFFERENTIAL OPERATOR

A. PaTiL, U. NAIK

ABSTRACT. In this paper, we obtain estimates on the coefficients |as| and |as| for
the functions of certain new subclasses of the bi-univalent function class ¥ defined on
the open unit disk U = {z € C: |z| < 1}, which are associated with the Raducanu-
Orhan differential operator. Moreover, connections to the earlier known results are
indicated.
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1. INTRODUCTION

Let A = {f : U — C: fis analytic in the unit disk U, f(0) = 0, f (0) = 1} be the
class of functions of the form:

f(2) :z—l—Zakzk (1)
k=2

and the subclass of A consisting the univalent functions in U is denoted by S. It is
clear from the Koebe one quarter theorem (see [4]) that every function f € S has
an inverse f~!, defined by

F7HSf(R) =2, (2 € U) and f(f~ 1 (w)) = w, (Jw| <ro(f), ro(f) = 1/4).

In fact, we have:
fﬁl(w) =g(w)=w— asw? + (2a§ — ag)w3 — (5@% — bagas + a4)w4 +-, (2

where g be an extension of f~! to U. A function f € S is said to be bi-univalent
in U if both f and f~! are univalent in U. Let ¥ denote the class of bi-univalent
functions in U given by (1).
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For more details about the bi-univalent function class X, see Lewin [6], Netanyahu
[7], Brannan and Clunie [2], Srivastava et al. [14] etc. Also Brannan and Taha [3],
(see also [15]) introduced S5 [, the class of strongly bi-starlike functions of order
a where 0 < o < 1 and &5 (), the class of bi-starlike functions of order 3 where
0 < 8 < 1 and found the estimates on the coefficients |as| and |ag| for the functions
in these subclasses. In recent investigations many researchers (viz. [5, 10, 13] etc.)
introduced various subclasses of the function class ¥ and obtained the non-sharp
estimates on |ag| and |as| for the functions in these subclasses.

oo
For f(z) given by (1) and j(z) = z + Y br2"*, the Hadamard product or convo-
k=2
lution is given by
[ee]
(fx5)(z)=2z+ Zakbkzk, z e U.
k=2

For fe Aand 0 < p <6, n € N:={1,2,3,---}; Raducanu and Orhan [11]
introduced the following differential operator:

Dg,u,f(z) = f(Z),
Dj, f(2) = Dsuf(2) = 0u2®f"(2) + (6 — p) 2 (2) + (1 = 6 + ) £(2),
D3, f(2) = Dsy (D3 £(2))

See that, for the function f given by (1), this becomes:

D(?,uf(z) =z+ Z Fk(dnufu n)akzk

k=2
or
D5, f(z) = (f #j)(2),
where -
j(z) =z + Z Fi(0, i, m) 2"
k=2
and

Observe that for = 0 we get the Al-Oboudi differential operator (see [1]) and for
uw=0,95=1 we get the Salagean differential operator (see [12]).

The object of the present paper is to introduce the subclasses Bg" (n,a, \) and
7-[62“ (n, B, \) of the function class ¥, which are associated with the Raducanu-Orhan
differential operator and to obtain estimates on |az| and |as| for the functions in
these new subclasses using similar techniques used by Srivastava et al.[14].

We need the following lemma (see [9]) to prove our main results.
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Lemma 1. If p(z) € P, the Carathéodory class of analytic functions with positive
real part in U, then |p,| < 2 for each n € N, where

p(z) =1+piz+p2® +p3z®+---, (z2€U).

2. MAIN RESULTS

Definition 1. A function f(z) given by (1) is said to be in the class Bg“ (n,a, \) if
the following conditions are satisfied:

- { (1= ND,F(2) + DL £(2) H _ o

by
fex, .

z

0<a<1,0<u<d,A>1,n€eNyzel)

and

w 2

wrg { (1= A)D,g(w) + ADjH g(w) H an

0<a<1,0<u<0,A>1,n€eNywel),
where the function g is given by (2).
Theorem 2. If the function f(z) given by (1) be in the class Bg“ (n,a, ), then

2

2014+ 2(30p + 0 — )" [L + 2A(36p + § — p)]—
(= D1+ (20 + 6 — w)]*"[1+ A(20p + 6 — p))?

las| <

and
lag| < 40 +
a
TS+ 200+ 6 — w)]P[L+ A(200 + 0 — )2 @
2«
[1+ 2030+ 6 — )] [L+ 2A(30p + 6 — p)]’
Proof. Definition 1 implies that we can write:
(1—X)D%, f(2) + ADE f(2) N
e L0 (5)
and ) " )
(1—=X)D},g(w) +AD§ " g(w N
- : = [t(w)]", (6)

w
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where s(z),t(w) € P such that:
s(2) =1+ s12+ 8222 + 5328 +--- | (2 € 1) (7)

and
t(w) =14 tiw + tow? + tzwd + -+, (w € V). (8)

Clearly, we have:
oa(la—1
[s(2)]* =1+ as1z + [a,sQ + (2)5%] 224

and

-1
(t(w)]* =1+ atyw + {o@ + O‘(C;)tf] w4

Also, using (1) and (2), we get:

_ n 5 n+1 2
(1= VD5, J(2) + AD5, ) [+ (200 + 6 — @)]"[1 + X204 + 6 — p)]azz+

[1+ 20361+ 6 — p)]™[1 + 2236 + 6 — p)]asz® + - --
(9)

z

and

(1-XA)Dg,g9(w) + )\Dg:lg(w)

=1 —[1+ (200 +6 — w)]"[1 + A2+ 6 — p)]agw—+

w
[142(36p + 6 — w)]"[1 4+ 2A(36p + § — p)](2a3 — az)w? + - - - .
(10)
Now, equating the coefficients in (5) and (6), we obtain:
[14 (20 + 0 — p)]"[1 + A(20p + 6 — p)]ag = asi, (11)
-1
[142(30p+3d — p)]"[1+2X(30p + 6 — p)]ag = asa + 04(042)5%7 (12)
— [+ (2648 — )] [1 4+ X(20p + 6 — p)]az = aty, (13)
-1
[1+2(36p + 8 — )] [1 + 2236 + 6 — )] (243 — a3) = aty + oz(ozz)t% (14)
Using (11) and (13), we get:
s1 = —1 (15)
and
21 + (204 + 6 — )2 [L + M20p + 6 — p))2a2 = a®(s2 + 12). (16)
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Adding (12) in (14) and then using (16), we obtain:

2
t
a%: a®(sg + t2)

{2a[1 +2(30p + 0 — w)]"[1 + 2A(36pu + 0 — p)]—

(= D[+ (20046 — w)]*"[1 4+ M2+ 6 — u)]z}

Now, by using Lemma 1, this gives:

40

‘a%‘ <
{2a[1 +2(30p + 0 — w)]"[1 +2A(36pu + 0 — p)]—

(@ — D)1+ (200 + 6 — w)]*"[1 4 A2+ 6 — M)]Q}
which proves the result (3). Next, for the estimate on |as|, subtracting (14) from
(12) in light of (15), we get:

43— a2 = a(sy — ta)
27 214 2(36p+ 6 — p)]P[1 + 2X(30pu + 6 — p)]

This by using (16), becomes:

o? (st +17) .
2[1+ (200 + 6 — w)]*"[1 + A(20p + 0 — p)]?
a(s2 —ta)
O+ 2(300 + 0 — )" [1 + 2\Bop + 0 — p)]

Finally, by using Lemma 1, we get:

as =

402
N GY I A | FTITS Y CY e SR PR
2

14+ 20301+ 6 — )] [1 + 2A\(36p + 6 — )]’
which is the desired result (4). This completes the proof of Theorem 2.

<
lag| < i

Definition 2. A function f(z) given by (1) is said to be in the class 7—[52“ (n, B, \)
if the following conditions are satisfied:

{(1A)D3Lf( 2) + DG f (= )}

fex R > 3

z
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(0<p<1,0<pu<d,A>1,n€eNyzel)

and

w

1 — \)Dg,g(w) + ADyH g(w
3%{( )D§,9(w) s 9( )}>5
(0<p<1,0<pu<o,A>1,n€Ny,wel),
where the function g is given by (2).

Note that in Definition 1 and Definition 2, by putting 4 = 0 we obtain the
classes By, (9, n, o, A) and Hyx, (0, n, 5, A) introduced by Patil and Naik [8]; by putting
1= 0,9 = 1 we obtain the classes By, (n, a, A) and Hy, (n, 5, \) introduced by Porwal
and Darus [10]; by putting u = 0,5 = 1,n = 0 we obtain the classes By, (a, A) and

Hs (8, A) introduced by Frasin and Aouf [5] and by putting u = 0,6 =1,n =0,A =1
we obtain the classes H§, and Hyx, (3) introduced by Srivastava et al. [14].

Theorem 3. If the function f(z) given by (1) be in the class 7—[52“ (n,B,\), then

2(1 - B)
‘@h£¢ﬂ+2@m+6uWﬂ+2M%M+5m] "
and 4(1 5)2
5l < T G T P @ o=
(18)
2(1 - B)

[+ 2300+ 0 — )]"[1 + 2A(300 + 06 — )]

Proof. Definition 2 implies that there exists s(z), t(w) € P such that:

_ n z n+1 z
(1= \)Dg, f(2) + ADg f(2) 5t (1—B)s(2) (19)

z

and
(1 =MD} ,g9(w) + )\Dg”rlg(w)
w2 o T g (1 ) tw), (20)
where s(z) and t(w) are given by (7) and (8) respectively.
See that we have equations (9), (10) and also:

B+ (L= B)s() =1+ (1= Bsrz+ (1= Bsaz® 4 -+

and
B+ (1=B)t(w) =1+ (1—B)tyw+ (1 — B)taw? +--- .
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Now, equating the coefficients in (19) and (20), we obtain:

[1+ (200406 — w]"[1 + A(20p + 6 — p)]az = (1 — B)s1,
(14230 + 6 — )" [L +2ABou + 6 — p)laz = (1 = §)s2,
— 1+ (20040 — )] [1 + (204 6 — p)]ag = (1 — B)ty,

(142036 + 6 — )] [1 + 220361 + 6 — 1)](2a3 — a3) = (1 — B)to.

Using (21) and (23), we obtain:
s1=—11

and

21+ (20046 — )" [1+ X200 + 6 — p)]Pa5 = (1 — B)*(sT + 7).

Adding (22) in (24), we obtain:
21 +2(36p + 8 — )] [1 + 2A(36p + 6 — p)]a3 = (1 — B)(s2 + t2)

or

2 _ (1—B)(s2 +t2)
a5 = .
2[1+2(30p + 6 — )] [1 + 2A(30p + 6 — )]
This by using Lemma 1, gives:
2(1-7)
1+2(360 + 0 — )] [1 + 2A(30u + 6 — p)]’

a3 <

(25)

which gives the desired result (17). Next, subtracting (24) from (22), we obtain:

2[1+2(30p + 0 — p)]"[1 +2A(30p + 6 — p)](as — a3) = (L = B)(s2 — t2)

or s (1—PB)(s2 —t2)
3= Ay 2[1+2(30p + 6 — p)|?[1 + 2A(30p + 6 — p)]

Using (25), this becomes:
" (1- 5(s3 + ) N
2[1 4 (200 + 6 — )21+ N(26p + 6 — p)]?
(1= B)(s2 — t2)
201+ 2(36p + 6 — )" [1 + 2A(30p + 6 — )]’
This by using Lemma 1, yields:

401 - py N
14+ (20p+ 6 — )21 + A (20p + 6 — p)]?
2(1-5)
(14 2(30p + 6 — p)]*[1 4+ 2X(3dp + 6 — p)]’
which is the desired result (18). This completes the proof of Theorem 3.

laz| < [
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3. CONCLUSIONS

o If we put 4 = 0 in Theorem 2 and Theorem 3; we obtain Theorem 5 and
Theorem 7 given by Patil and Naik [8].

e If we put £ =0 and § = 1 in Theorem 2 and Theorem 3; we obtain Theorem
2.1 and Theorem 3.1 given by Porwal and Darus [10].

o If we put £ =0, =1 and n = 0 in Theorem 2 and Theorem 3; we obtain
Theorem 2.2 and Theorem 3.2 given by Frasin and Aouf [5].

e Ifweput u=0,6d=1,n=0and A =1 in Theorem 2 and Theorem 3; we
obtain Theorem 1 and Theorem 2 given by Srivastava et al.[14].
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