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UNIVALENCE OF TWO INTEGRAL OPERATORS

VIRGIL PESCAR

ABSTRACT. In this work we derive sufficient conditions for the univalence of two
integral operators H, g and G,.
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1. INTRODUCTION

We consider the unit open disk 4 = {z € C: |z| < 1} and A the class of the
functions of the form

flz)=2z+ Zanz”,
n=2

which are analytic in the open unit disk U.

Let S denote the subclass of A, consisting of the functions f € A, which are
univalent in U.

We consider the integral operators

Fap(z) = [5 [ (1) é du] | )

and

a

Ga(e) = o [ ()t aul " @)

for g, h € A and «, 8 be complex numbers, « # 0, 5 # 0.

In [3] Pescar has studied the univalence of these integral operators.

In the present paper, we obtain new univalence conditions for the integral oper-
ators H, 3, G, to be in the class S.
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2. PRELIMINARY RESULTS

We need the following lemmas.

Lemma 1 (2). . Let a be a complex number, Re a > 0 and f € A.
If
1— |Z’2Re «
Re o

2f"(2)
f'(z)
for all z € U, then for any compler number B, Re B > Re «, the integral operator
Fg defined by

<1, (3)

1
B

Fate) = 5 [ ) )

1s in the class S.

Lemma 2. (Schwarz [1]). Let f be the function regular in the disk
Ur = {2 € C: |z| < R} with |f(2)] < M, M fized. If f(z) has in z = 0 one zero
with multiply > m, then

£ < mrlel™, (= €Un), o)

the equality (in the inequality (5) for z # 0) can hold only if

o M
f(z) = ewﬁzm»

where 0 is constant.

3. MAIN RESULTS

Theorem 1. Let a be a complex number, Re o« > 0, M, L positive real numbers
and the function g € A, g(2) = z 4+ a2® + ...

if
22g' (2
gg(i)> - 1’ <M, (z€U), (6)
g < L, (z€U) (7)
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and
ML +L—I—l
(Rea—i—l)Rﬁégzl Re

< lal, (8)

then for any complex number 3, Re 3 > Re «, the integral operator H, g defined by
(1) is in the class S.

Proof. Let us consider the function

f(z):/oz <9(“))‘idu, (= € U). (9)

u

The function f is regular in ¢/ and f(0) = f’(0) — 1 = 0.

We have
1= (%) "

hence, we get

'(z) 1 Kz?g'(z) B 1) 9(2) , 9(2) 1] , (10)

i) a [\ ¢%(2)
for all z € Y. From (10) we obtain

zf”(z) _ 1— |Z‘2R60‘
f'(z) | = |a|Re «
The function p(z) = Z;gé’;) — 1 has in z = 0, one zero with multiply m = 2 and

for the function g(z) we have one zero with multiply m = 1.
So, from (6), (7) and Lemma 2 we get

1— |Z|2Reoz
Re «

9(2)

z

-1

+!

’+ 1> (11)

— 1’ < M|z]%, (z€lU) (12)
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and
l9(2)| < Llz[, (2 €U). (13)

From (12), (13) and (11) we obtain

1_|Z|2Rea Zf//(Z) 1— ’Z|2Rea ) 1_|Z|2Rea
ML L+1 Uu) (14
Re a f'(z) |~ |a|Re « 12 + la|Re o (L+1), (zel) (14)
Since
1— 2Re 1
max |:|Z||22:| = Re a+1 (]‘5)
l2I<1 Re a (Re v+ 1) Rea
from (8), (15) and (14), we obtain
1— ’Z’ZReO‘ zf”(z)
<1 u 16
o | St e (16)
and hence, by Lemma 1, it results that the integral operator H, g belongs to the
class S. ]

Theorem 2. Let o be a complex number, Re « > 0, M, L positive real numbers
and the function h € A, h(z) = z + a22® + .. ..

If
Z;Z‘(g) _ 1‘ <M, (zeu) (17)
W) <L, (z€U) (18)
and
o — 1] ML, %:(j <1, (19)

(Rea+1) Rea
then the integral operator Gy, defined by (2) belongs to the class S.

Proof. From (2) we have

Gal(2) = [a/oz T (fﬁ@)@—ldu] . (20)
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We consider the function

f(z) = /0 ( (“)> du. (21)

u
The function f is regular in /. From (21) we obtain

() = <h(z)>a1 )= (a1 <h(z)>“ 2l (2) = h(z)

z z 22
We get
1— |Z|2Rea Zf”(z)
Re o f'(2)
1 — |z2fee /1221 (2) h(2)] | [h(2)]
<la—-1 —1 1 22
e 12(2) 2 T ) (22)

for all z € Y. By (17), (18), Lemma 2 we obtain

221/ (2)
h?(z)

—43Muﬁ (= ),

[h(z) < Llz|, (2 €U),

hence, by (22) we have

1—‘Z|2Rea zf”(z) 1_|Z|2Rea 5 1—|Z’2R60‘
-1 |———2*ML+ ———(L+1 2
Re « 1(2) jor = 1] Re « 12 + Re « (L+1D)], (23)
for all z € U.
Since
N |:1_|Z|2Rea| ’2:| 1
max | ——— |2 =
|2[<1 Re a (Reoz—f—l)Rle%:;rl
from (19) and (23) we get
_ ‘Z|2Rea Zf”(z)
<1 . 24
| E <, ew (24)

-1
We have f/(z) = (M)a and now, by Lemma 1 and (24), for § = a we obtain

4
that the integral operator GG, is in the class S.
O
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