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ABSTRACT. The purpose of this paper is to introduce the concept of A} strongly
almost convergence with respect to a sequence of moduli and A7}~ Almost Statistical
Convergence and give some relations between these two kinds of convergence.
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1. INTRODUCTION

Let w denote the set of all real sequences z = (x). Let I, ¢ and ¢y be the
Banach spaces of bounded, convergent and null sequences x = (zj) normed by as
usual by ||z||ec = sup |zg|. Kizmaz [19] defined the sequence spaces :

k

)+ (Awg) € loo},

loo(D) ={z = (z) :
c {z = (zx) : (Azg) € ¢,

(

and
co(A) ={x = (a) : (Azxg) € co}s

where Axy = (zx — xp11). These are Banach spaces with the norm

|zlla = [z1] + [[ Ao

Difference sequence spaces have been studied by Colak and Et [1], Et [6,7], Et and
Esi [8], Vakeel A. Khan [14,15,16,17] and many others.
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V. A. Khan - Spaces of strongly almost summable difference sequences

A sequence x € I is said to be almost convergent [23] if all Banach limits of z
coincide. Lorentz [23] defined that

1 n

["] = {:IJ €w:lim— g Tp4j; exists, uniformly in j} )

non
k=1

Many authors including Lorentz [23] , Duran [4], and King [18] have studied almost
convergent sequence spaces.Maddox [24,26] has defined x to be strongly almost con-
vergent to a number L if

1 . o
h}}ln;xkﬂ-—ﬁ—o, uniformly in j.

By [¢"] , we denote the space of all strongly almost convergent sequences. It is easy

to see that
cC [ C e Cle.
The space of strongly almost convergent sequences was generalized by Nanda

[27,28].
Let p = (px) be a sequence of strictly positive real numbers . Nanda [27] defined

n

1
[, p] = {l’ cw: liTIlnﬁ Z |Tg4; — LIP* =0, uniformly in j} ,
k=1

n

1
(", plo = {a: cw: lirrlnﬁ Z |Tk44/P* =0, uniformly in j} ,
k=1

1 n
[, Ploo = {x Ew: sup Z |Tk44]7F < oo, uniformly in j} .
T k=1

Let A = (A\,) be a non decereasing sequence of positive reals tending to infinity and
A1 =1 and A\p41 < Ay + 1. The generalized de la Vallee - Poussin means is defined
by

where I, = [n — A\, + 1,n].
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A sequence x = (x) is said to be (V,\) - summable to a number [ (see [22]) if
tn(x) — 1 as n — 00.We write

1
[V, A]° = a::(a:i)EW:liTan)\—Z |z;| =07,
" kel

1
V,A] = a::(xi)Ew:Iim—Z]:Ei—le\zo,forsomeled? ,
" )\"kel

and

[V, N = x:(xi)ewrllng\wi!<w ,

For the sets of sequences that are strongly summable to zerto , strongly summable
and strongly bounded by the de la Vallee - poussin mathod.In the special case when
A =n for n =1,2,3,--- the sets [V, \]°, [V, \] and [V, A\]*® reduce the sets wg , w
and we introduced and studied by Maddox [25].

The concept of statistical convergence was first introduced by Fast [9] and also
Schoenberg [31] for real and complex sequences. Further this concept was studied
by Salat [30], Fridy [11], Fridy and C.Orhan [12],Connor [2], Connor,Fridy, and Kline
[3], and many others.

Let N and € be the set of natural numbers and complex numbers , respectively . If
E C N, then the natural densityof E (see Freedman and Sember [10]) is denoted
by

1
O(E) =lim ~|{k <n:ke B},

where the vertical bars denote the cardinality of the enclosed set . The sequence x
is said to be statistically convergent to L , denoted by stat — limx = L, if for every
€ > 0, the set

{k:|lzp —L| > ¢}

has natural density zero. In this case we write stat — limxzy = L.

Let X,Y C ¢ . Then we shall write

MX,Y)= (] 2'+«Y={acl:axeY for all z€X}.
zeX

The set
X*=M(X, )
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is called Kothe - Toeplitz dual space or « - dual of X (see [8]).

Let X be a sequence space . Then X is called

(i) Solid (or normal), if (agxy) € X, whenever (x) € X for all sequences of scalars
(o) with |ag| <1 for all k€ N.

(ii) Symmetric, if (z;) € X implies (z.)) € X, where 7(k) is a permutation of
N.

(iii) Perfect if X = X*.

(iv) Sequence algebra if z.y € X, whenever z,y € X.

It is well known that if X is perfect then X is normal (see [13]).

A function f : [0,00) — [0,00) is called a modular if

1. f(t)=0 if and only if ¢t =0,
2. fit4+u) < f(t)+ f(u) for all t,u >0,
3. fis increasing, and
4. fis continuous from the right of 0.
Let X be a sequence space. Then the sequence space X(f) is defined as
X(f) =Az = (z) : (f(|zr]) € X}

for a modulus f(][25],[29]). Kolk[20],[21] gave an extension of X (f) by considering a
sequence of moduli F' = (fy) i.e.

X(F) ={z = (z) : (fe(lzs])) € X}
2. MAIN RESULTS

Let F' = (fx) be a sequence of moduli, p = (px) be a sequence of positive real
numbers and v = (vg) be any fixed sequence of non zero complex numbers and
m € N be fixed(see [5]). This assumption is made throughout the rest of this paper.
Now we define the following sequence spaces :

.1
V. A% Fopl = €w:lim— Y [fi(| Afzpey — L™ =0,
n Ap
kel,
uniformly in j,for some L>0,

[V,ATA,F,pP:{xew:hmg S (| AT )P =0, uniformly in }
n kely,
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1
[V, AR Fp|® =({zcw: lim/\— Z (AT ks 5))]PF < 0o, uniformly in ]
" kel,

where
Ndxp = (pwg), Do = (kg — Vpy1Tra1), Olap = (AT oy — AT oy )

. and so that

m i|™m
AN Z(—l) [z] Vi Thti-

AT\ - Almost Statistical Convergence
We define the following definition :
Definition . A sequence z = (zy) is is said to be A} - almost statistically conver-
gent to the number L provided that for every € > 0,

1
lim )\—|{k‘ € I : |ANxpyj(7) — L] > €} = 0, uniformly in j.
n An

In this case we write S(AT})) —limz = L or xx — LS(A7}) and In the case A, = n
we shall write S(A}") instaed of S(AT).

Theorem 2.1. Let F' = (f) be a sequence of moduli, then [V, AT\, F,p|, [V, AT, F, p]°
and [V, AT F, p]*> are linaer spaces over the set of complex numbers €'

Proof. Omitted.

Theorem 2.2. Let F = (f) be a sequence of moduli, then

[‘/7 A:}n)wFap]O C [V7 AUmAaFap] C [‘/7 A;@\?va]oo

Proof. Omitted.

Theorem 2.3. The sequence spaces [V, A%, F,pl, [V, AT}, F, p]® and [V, A Fypl™
are not solid for m > 1.

Proof. Let pp =1 for all k, F(z) =2 and A\, = n for all n € N. Then (z) = (k") €
[V, AT, F,p]™ but (agzy) ¢ [V, AT%, F,p]>* when oy = (—1)* for all k € N. Hence
[V, ANU O p]*>° is not solid. The other cases can be proved by considering similar
examples.

Corollary 1. The sequence spaces [V, A5, F,p|, [V, AT, F, p|® and [V, AL Fypl>
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are not perfect for m > 1.

Proof.Omitted.

Theorem 2.4. The sequence spaces [V, A%, F,pl, [V, AT}, F, p]® and [V, A Fypl™
are not symmetric for m > 1.

Proof. Let pp =1 for all k, F(x) = x and \,, = n for all n € N. Then (z}) = (k") €
[V, A%, F,p]>° . Let (yx) be a rearrangement of (zx) , which is defined as follows :

(Yk) = {x1, ¥2, ¥4, 3, T9, T5, 716, T6, T25, 27, 236, T8, 149, 210, - - - }.
Then (yg) & [V, A%, F,p|>™
Remark 1. The space [V, AT F, p]® is not symmetric for m > 2.
Theorem 2.5. The sequence spaces [V, A;”A,F,p]z, where z will denote any one of
the notion 0,1 or oo are not sequence algebras.
Proof. Let p = 1 forall k € N, F(z) = z and A\, = n for all n € N. Then
= (k"2), y = (k™2) € [V, A", Fypl. , but 2,y € [V, AT, F.p..

Theorem 2.6. Let A\ = (\,) be a non - decreasing sequence of positive numbers
tending to oo , then

(i) If zp — L[V, A%, F,p] = 2 — LS(AX),
(ii) If v € lo(AY) and xp — LS(ATY), then z, — L[V, AT, F,pl,
(iii) S(AT) Nl (AY) = [V, AT, Fypl Nl (ATY).
Theorem 2.7. Let F = (f;) be a sequence of moduli, and s%p(pk) = H . Then

[V, A%, F,p] € S(ATY).
Proof. Let z € [V,AT{,F,p] and € > 0 be given . Let ) denote the sum over
1

klegn such that |A'xgip — L] > € and ) denote the sum over k& < n such that
2
|AV @t — L| < €. Then

T Z (IO gy — LI

" kelp

1 . 1
:=7§ZMM%rmr44“f;§jﬂuxMﬂ—un
" 2

n

iznm%ﬁwm

1

1
2 e

n

Y
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> - > min((O) 7 fu()™)
"o

%\{k € In ¢ | AT @y —L| 2 e} min([fe(e)])™ P [fu(e)) ).

Hence z € S(AYY).
Theorem 2.8. Let F = (fx) be a sequence of bounded moduli, and 0 < h =
ir];f(pk) < pr <sup(pr) = H < 0o . Then S(ATY) C [V, A, F,p].

k

Proof. Suppose that F' = (f;) is a sequence of bounded moduli. Let ¢ > 0 and let
>~ denote the sum over klegn such that |A7'zjyn — L| > € and > denote the sum
1 2

over k < n such that |[ATzgyp — L] < €. Since F' = (fi) is a sequence of bounded
moduli there exists an integer K such that F'(z) < K for all z > 0. Then

— Z [fr(| Ay Tty — LT

" kel,

1 1
- TZ (12T kg = LD+ 5= D [fe(l AT akey — LI
n 2

n

;21: x(K" K 4 ;; fu(©)

n
< maX(Kh,KH))\—Hk €l |AYwpq; — L| > €}
n

—|—max(fk(e)h, fk(e)H)

Hence z € [V, A%, F,pl.

Theorem 2.9. Let F = (fx) be a sequence of bounded moduli, and 0 < h =

ir]if(pk) < pr <sup(pr) = H < oo . Then S(ATY) = [V,A%, F,p] if and only if
k

F = (f) is a sequence of bounded moduli.
Proof. Let F' = (fi) be a sequence of bounded moduli. By Theorem 7 and Theorem
8 we have S(AT) = [V, A}, F,p].

Conversely, suppose that F' = (f;) is a sequence of unbounded moduli. Then
there exists a positive sequence (t) with fi(t) = k2, for k =1,2,---. If we choose

YANUS T tk, i:kQ,(i:1,2,---)
vt 0,  otherwise

Then

for all n and j.

\/>\an
A

1
k€ L s 18Ty 2 €} <
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This implies that » € S(A”}), but z ¢ [V, A", F, p].This contradicts to S(A}) =
[V, A, F pl.

Acknowledgement. The author would like to record their gratitude to the
reviewer for his careful reading and making some useful corrections which improved
the presentation of the paper.
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