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ON LACUNARY ALMOST CONVERGENT SEQUENCES

AHMAD H. A. BATAINEH

ABSTRACT. The purpose of this paper is to define and study the spaces

[&, M, p)®(A™, q, ), [¢, M, p,15(A™, q,s) and [¢, M, p, ] (A™, g, 5) of lacunary con-
vergent sequences. We also study some inclusion relations between these spaces and
some properties and theorems.

2000 Mathematics Subject Classification:40D05, 40A05.
1.INTRODUCTION AND DEFINITIONS

Let w denote the set of all complex sequences = = (x;), and l, ¢, and ¢, be
the linear spaces of bounded, convergent, and null sequences with complex terms,
respectively, normed by || = ||= sup; | z; |, where i € N, the set of positive integers.

A bounded sequence x = (z;) is said to be almost convergent ( see [8] ) if all
Banach limits of = coincide. In [8], it was shown that :

n
Z T+t exists, uniformly in t}.
i=0

1
¢=A{x=(x;): nan;OE

Maddox ( [9], [10] ) defined a sequence x = (z;) to be strongly almost convergent
to a number L if

o 1¢ . .
nh_{go - z; | iyt — L |= 0, uniformly in ¢.
1=

The spaces of lacunary strong convergence have been introduced by Freedman
et al. [3] A sequence of positive integers § = (k,) is called lacunary if ky = 0,
0 < k. <kyyq1 and hy =k, — k,_1 — 00 as r — oco. The intervals determined by
0 are denoted by I, = (k,—1,k,| and the ratio k,/k,_1 will be denoted by ¢,. The
space of lacunary strongly convergent sequences N, was defined as follows :

N, = {z = (z;) : lim h* Z | z; — s |= 0, for some s}.
iely
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For any sequence x = (x;), the difference sequence Az is defined by Az =
(Az;)2, = (; — x41)52,. Kizmaz [5] defined the sequence spaces :

lo(A)={zcw: Az €lg},

c(A)={zecw: Az €},

and

(A)={zecw: Az €¢,}.
Et and Colak [2] generalized the notion of difference sequence spaces and defined

the spaces

loo(A™) = {z € w: A™z € I},

c(A™)={zecw: A"z € ¢},

and

(A" ={zrcw: A"z ¢},

where A™gz; = A" lg;— A™ 1y, and Az; = x;, for all i € N. We recall that an

Orlicz function is a function M : [0, 00) — [0, 00) which is continuous, nondecreasing
and convex with M (0) = 0, M(z) > 0 for z > 0 and M (z) — oo, as © — oo. The
Orlicz function M can always be represented in the following integral form ( see
Krasnoselskii and Rutickii [6] )

where ¢, known as the kernel of M, is right-differentiable for ¢ > 0, p(0) = 0, p(t) > 0
for t > 0, ¢ is nondecreasing and ¢(t) — oo, as t — oo.

If convexity of M is replaced by M (z + y) < M(x) + M(y), then it is called a
modulus function, defined and discussed by Ruckle [12] and Maddox [11].

An Orlicz function M is said to satisfy the As—condition for all values of v, if
there exist a constant L > 0 such that :

M(2v) < LM(v) (v > 0).

The As—condition is equivalent to the satisfaction of the inequality :
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M(Tv) < LTvM (v)

for all values of v and for all ' > 1 ( see Krasnoselskii and Rutitsky [6] ).

Remark 1. An Orlicz function satisfies the inequality M (Au) < AM (u) for all
Awith 0 <A <1

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to construct the
Orlicz sequence space :

(o]
Iy =A{x=(x;) : ZM(M) < 00, for some p > 0},
: p
=1
which is a Banach space with the norm :
| @i |
p

| 2 ||ar=inf{p >0:> M(
=1

) <1}

If M(xz) = 2P,1 < p < oo, the space lj; coincide with the classical sequence
space [p.

Let M be an Orlicz function, p = (p;) be any bounded sequence of strictly
positive real numbers, then Giingér and Et [4] defined the sequence spaces :

n

1 A"xivy — L |,
[¢, M, p](A™) = {z = (x;) : nhj& - Z[M(M/—M)]pl = 0, uniformly in ¢,
=0
for some p > 0 and L > 0},
R m LG | A" Tigy |\, : :
¢, M, plo ={x=(z;): lim — ———)]”" = 0, uniformly in ¢,
(6, M, plo(A™) = {z = (2:) : ] > )" = 0, uniformly in ¢
n—oo N, 4 p
1=0
for some p >0 },
and
o m 1 " |Amxi+t’ i
[&, M, ploo(A™) = {z = (x;) : suPaZ[M(f)] i < 00, for some p >0 }.
i i=0

Esi [1] defined the sequence spaces :
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. my _ ’A 37z+t L
[&, M, pl®(A™) = {z = (z;) : lim — = Z e

T—00
i€l

)]P* = 0, uniformly in ¢,

for some p > 0 and L > 0},

A"z, ,
[6, M, pl§(A™) = {2 = (2;) : lim iTZ ’ it |)]pl = 0, uniformly in t,

T—00
’LEI’I‘

for some p >0 },

and

(&, M, pl’ (A™) = {z = (x;) : suphi Z[M(M)]pl < 00, for some p >0 }.

rtoT e, P

Now, if u = (u;) is any sequence such that u; # 0 for each i, w(X) denotes
the space of all sequences with elements in X, where (X, q) denotes a seminormed
space, seminormed by ¢, and s is any real number such that s > 0, then we define
the following sequence spaces :

| AV'wiyy — L |

=0

N 6 m o —S
[C’Map] (Au’Q7 )—{CL‘— xl 'r'ligloh %:

uniformly in ¢, for some p > 0 and L > 0},

(6, M, pl§(A . q,8) = {z = (x;) : lim — Z 9 ‘AZ””))] =0,

uniformly in ¢, forp >0 },

and
o [ m 1 - ’ AummH-t | ;
[C, Map}oo(Au )45 3) = {ZL’ = (xl) : Sutp T Zl [M(q(T))]pl < OO,fOTp >0 }
mtoT el
where
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Agm = U;x;,
1
ALT = Ui — Uiy 1Ti41,

A2z = A(Alz),

u

so that

m
Az = Az = -1 <m> Uity Ty
. R

Ifu=e=(,1,1,--+), q(z;) = x; for each i, and s = 0, then the above spaces
reduce to those defined and studied by Esi [1].

If 2 = (z;) € [, M,p|°(A™, q,s), we say that * = (z;) is lacunary almost
(AT, q, s)—convergent to L with respect to Orlicz function M.

When M () = z, then we write [¢, p]? (AT, q, 5), [¢,p]§ (AT, ¢, 5), and [¢, p|2 (AT q, 5)
for the spaces [¢, M, p]’(A™, q,5),[¢, M,pl§(A™, q,s), and [¢, M,p]2 (AT, q,s), re-
spectively.

If p; = 1 for each i, then [¢, M, p|?(A™ q,s),[¢, M, p]5(A™, q,s), and
[&, M, pl%, (A, g, 5) reduce to &, M]° (AT, ¢, 5), [&, MIG(AT', ¢, 5), and [&, M5 (AT g, ),
respectively.

The following inequality will be used throughout this paper :

|zi +yi [P< K(l @ [P+ [y [7), (1)
where x; and y; are complex numbers, K = max(1, oH 1) and H = sup, p; < c0.
2.MAIN RESULTS

In this section we prove the following theorems :

Theorem 1. Let M be an Orlicz function and p = (p;) be a bounded sequence
of strictly positive real numbers. Then [¢, M, p]?(A™, q, s), [é, M, p]{(A™, q, s), and
[é, M, p]% (A™, q,s) are linear spaces over the set of complex numbers C.
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Proof. We will prove it for [¢, M p] (A" q,s) and the others are similar. Let
v = (2;), y = (yi) € [¢, M,p]§(A™,q,5) and o, 3 € C. then there exists positive
numbers p1, p2 such that

Az, _
lim — Z i_S[M(q(M))]pl = 0, uniformly in ¢,
P1

and
1 Al
lim — Z i_S[M(q(M))]pi = 0, uniformly in ¢.
hy - P2
ZEI’r
Let ps = max(2 | a | p1,2| B | p2). Since M is nondecreasing and convex and using
inequality (1), we see that

7

1 i_S[M(q(’ AT (axi + Byitt) I))]p.

"iel, P3
_ = Z —s | AT (@ive) + BAY (Yitt) ‘))]pl
T lGI’r‘ p3
| AT (~Tz+t) ’ AV (Yi+t) | ;
< )P u pi
- K Z 2pz pl + K Z 2p1 p2 ))}
lelr IGIT
1 .
< K- Z i—s[ ( (’ A (xl-l-t) 101 + K Z —s (yl—i-t) ‘))]Pz
" iel, p1 hr i€ly P2

— 0 as r — oo, uniformly in ¢.

This shows that ax + By € [¢, M, p]§(A™, ¢, s) . Hence [¢, M, p]5(A™, g, s) is linear.

Theorem 2. Let M be an Orlicz function and p = (p;) be a bounded sequence
of strictly positive real numbers. Then [¢, M, p]§(A™, q,s) is a topological linear
space paranormed by

- 1 A i L
h(z) = inf{pp? : (—h E i_S[M(q(7| u(Titt) ‘))}pl)}l <lr=1,2---,t=1,2---},
T p
el

where H = max(1, sup, p;).
Proof. Clearly h(x) > 0 for all z = (x;) € [¢, M, p]§(A™, g, ). SinceM (0) = 0,
we see that h(0) = 0. Conversely, suppose that h(z) = 0, then

inf{p'" : (hlZiS[M(Q(m"(Z”t)'))] NE<Lr=1,2--,t=12---}=0.
" iel,
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This implies that for a given € > 0, there exists some p.(0 < p. < €) such that

(hi Zfs[M(q(M))]m)% <1

" iel, Pe
Thus
G > e SRy < (LS i LB i <
" icl, T iel, a

for each r and t. Suppose that x; # 0 for each i € N. Then A"(x;4;) # 0,for each
i,t € N. Let ¢ — 0, then % — 00.
This implies that (h% > icl, i_S[M(q(M))]pi)% — o0 which is contradiction.

Therefore A"(x;4¢) = 0, for each i,t € N, and thus z; = 0, for each ¢ € N. Let
p1 > 0 and p2 > 0 be such that :

(hi Zi_s[M(Q(‘ Aum(CUH—t) |))]pl)% <1

" iel, 1

and

T el

for each r and t. Let p = p1 + p2. Then we have :

1 g AT (@it + Y L
(o 3 i (g AT ) |y
r P
ZEIT‘
1 . | AT (Tige) | FAT Yire) |\ \qpiy L
< (N M (g u Py
I e e
1 s Azn Ty AZL i NS
< (LY (gL B Ly pe g LB W) 1y
r i p1 + p2 p1 p1 + p2 P1
1 JpN Azl xT; L
< 2 (LS e LA |y
p1+ p2 hy = p1
P2 1 o ‘ Aum(lert) ‘ L . . PR .
+ — i °[M (q(—=—""——))]P")#, using Minkowski’s inequalit
P +p2(hr z'EeI [M (q( P NP g quality
< 1.
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Since the p’s are nonnegative, so we get that :

NPT — AT (vt + yi 1
ha+y) = it (o 3 iR ) [y g g
hrz‘elr P
ro=1,2,, t=1,2,--1,
. Br 1 s AT X; L
< mf{plh :(722 [M(q(| ( +t)’))]pz)1-1 <1,
hrielr P
T :1’2’...,t:172,...}
Pr. 1 A" (y; NS
+inflpf (hZi‘S[M@(‘“g“”))]“)é SLr=12-, t=12}
" iel,

Therefore h(x +y) < h(x)+ h(y). Finally, we prove that the scalar multiplication is
continuous. let A be any complex number. Then by definition :

h(\z) = inf{p% : (hi § :,L'—S[M(q(| A7 (it + Yige) |))]pz)% <1,rt=1,2---}
r o 1%
i€l

Then
T 1 Am 1 L\
() = b A | ) <MEZI¢-S[M<q<'“,;“”'>>mé <Lnt—12),
where k = ﬁ. Since | A [Pr< max(1,| A [*PP"), we have :
T ]. Am 1 S\ =
M) < max(L AP inb{(R)F : (S0 i (e o <

" iel,
ro= 1,2, =12},

) )

Then the scalar multiplication is continuous follows from the above inequality.
Theorem 3. Let M be an Orlicz function. If sup,[M (z)]Pi < oo, for all fixed
x > 0, then

[, M, PG (AT 4, 8) C [6, M, plo (AT, g 5).

Proof. Let z = (x;) € [¢, M, p]§(A™, q,s). The there exists some p; such that :

1 AP | _—
lim h—TZz [M(q(————))]P" = 0, uniformly in ¢.

r—00
iel, 1
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Define p = 2p;. Since M is nondecreasing and convex and using Inequality (1), we
get that :

rt e, P
1 s A (ive) — L+ L .
= sup = 3 i 2T Ly
Tt hr P
el,
1 s 1 | AT (@ive) = L |\ \yps
< Ksupo= D it [Mg( P )]
’ el,
1.1 L]
+Ksup — » i *—[M(q(—))]""
p g ; Z M (a(—=)
1 e A (x; L
< Ksup - i (g 2w = Ly,
rit Iy ol P1

1 —s ANy
T ST}

< oQ.

Hence = = (z;) € [¢, M, p|?, (AT q, 5).

Theorem 4. Let 0 < infp; = h < supp; = H < oo and M, M; be Orlicz
functions satisfying As—condition, then
[, M1, pl(A™, q,s) C [é, MoMy, pld(A™, q,5), ¢, M1, p]? (AT, q,5) C [¢, MoMy, p]? (AT q,s)
and [é, M1,p|? (AT q,s) C [¢, M o My, pll (A™, g, s).

Proof. Let z = (x;) € [¢, M1, p]§(A™, g, s). The we have :

lim hi Z i_S[Ml(q(‘ A (@ir) — L ‘))]pl = 0, uniformly in ¢, for some L.

e T P
T

Let ¢ > 0 and choose ¢ with 0 < § < 1 such that M(t) < ¢ for 0 < ¢ < 4. Let
Yit = My (q( 2 =Ly g1 a1 4 ¢ € N. We can write :

P
_ 1 ._ ) 1 ‘_ .
Ml = 1 O M+ e S M)
" iel, T el " el
Yi, <68 Yi,t >0

By Remark 1, we get that :

e 2 M S MO S M

hr iel, " iel,
Yit<s Yit<s
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1 . .
< [M(Q)]Hh* > i M (i) (2)
" el
Yit<s
For y;+ > 6,
. Yit yzt
it =75 5

Since M is nondecreasing and convex, it follows that :

% 1 2 7
Mye) < MO+ 50 < 2h(2) 4 S0 ()

Since M sastisfies As—condition, we can write

Myi) < 5T M (@) + T80 () = TV M (2),
Hence
TM(2), 1 . |
P Z i [M (yi)]" < max(1, 5( ))h > i M (i)l (3)
hr iel, " el
Yi,t >0 Yi,t >0

By (2) and (3), we see that € [¢, M o My, p]§(A™, g, s).
Following similar arguments we can prove the others.
Theorem 5. Let M be an Orlicz function, then the following are equivalent :
(a) &, P)o (A a4, 8) C [6 M, pl% (AT, g, 5),
(b) [&, Pl (A, 4, 5) C [& M, pl% (AT, ¢, 5),
() sup, 5= Yjer, i [M(a(5)P < 00 (I,p > 0).
Proof. (a)=(b) : It is obvious since [¢, p] (A7 q,8) C [¢,p)% (AT, q, 5).
(b)=(c) : Let [&,p]S(A™ q,5) C [, M,p]§(A™ q,s). Suppose that (c) does not
hold. Then for some [, p > 0,

1 . v
sup - > i M (g(2) = o0
T T .
ZGIT
and therefore we can find a subinterval I,(;) of the set of intervals I, such that

1
1 i—s[M(q(]?))]pi >, j=1,2,- (4)

ir(s) i€l )
Define the sequence x = (x;) by
.71 .
m J e Ir( i)
Au (aj‘ith) = { . J
0.0 ¢ L(j)
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for all t € N. Then = = (x;) € [¢,p]5(A™, q,s) but (4) implies that » = (z;) ¢
[é, M, pl’ (A™, q,s) which contradicts (b). Hence (c) must hold.
(c)=(a) : Let (c) hold and = = (x;) € [¢,p]? (A™, q, s). Suppose that z = (z;) ¢
[é, M, pl’ (A™, q,s). Then
1 S AZL Xy )
sup - 3 i ara( L o )
ntTT e,

Let [ =| A" (x;44¢) |, for each i and fixed ¢, then using (5), we get that :

sup h g i M )Pt = o0
el

which contradicts (c). Hence (a) must hold.

Theorem 6. Let 1 < p; <supp; < oo and M be an Orlicz function, then the
following are equivalent :

(a) [&, M, plO(AT q,8) C [&,p]o (AT 4, 9),

(0) .M. 0.9) © [e (A7),

(©) infy i uey i [M(a(L)P >0 (1,p > 0).

Proof. (a)=(b) : It is obvious.

(b)=-(c) : Let (b) hold. Suppose that (c¢) does not hold. Then for some [, p > 0,

1 s .
inf 5= 320 Mg = 0
p
’LEI’r
and therefore we can find a subinterval I,(;) of the set of intervals I,. such that
1 s ! pi =1
h Z t [M(q(i))]l<] 7]:1727"' (6)

T(7) iel p

r(5)
Define the sequence x = (z;) by

my,.. _ j7i € IT(j)
Au (x’t-‘rt) - { O,i ¢ Ir(j)

for all t € N. Then = = (z;) € [¢, M,p]§(A™, q,s) but (6) implies that z = (z;) ¢
[6,p]? (AT q,s) which contradicts (b). Hence (c) must hold.(c)=(a) : Let (c) hold
and x = (z;) € [¢, M, p]§(A™, q,s). Then

lim Z A M))]pz = 0, uniformly in ¢, for some p > 0. (7)
e h iel P
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Now, suppose that x = (x;) ¢ [¢, p]§(A™, ¢, s). Then for some € > 0 and a subinterval
I.(;) of the set of intervals I,., we have | AJ*(z;1¢) |> ¢ for each i and some t > to.
Then from the properties of Orlicz functions we can write

LRt |y > (o

[M (q( ; ;))]p"

and consequently by (7) we see that :

1 €
li TSIM (a( )P =
Jim 2 ;e[lz (MaCDI" =0,

which contradicts (c). Hence (a) must hold.
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